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Structural Characterizations of Soft Dimodules

GULAY OGUZ! AND HUSEYIN MANAP?2

ABSTRACT. This paper investigates the foundational framework of soft dimodules, a novel algebraic
structure that unifies concepts from soft set theory and dimodule theory. By extending the classical notions of
dimonoids and modules, soft dimodules provide enhanced flexibility for modeling uncertainty and
parameterization in algebraic systems. Theoretical analysis highlights important characteristics such as soft
subdimodules and soft dimodule homomorphisms. Furthermore, the study explores several specialized classes,
including idempotent, commutative, and distributive soft dimodules, characterizing their structural proper-
ties and establishing their relations with classical algebraic systems. This research reveals deeper structural
correspondences within soft algebraic systems and provides a more comprehensive modeling approach for
situations involving uncertainty.

1. INTRODUCTION

The theory of dimonoids was originally pioneered by Jean-Louis Loday in 2001 as a
sophisticated mathematical framework designed to facilitate the investigation of Leibniz
algebras, which represent a non-antisymmetric generalization of Lie algebras [11].
Distinct from classical algebraic structures characterized by a single binary operation, a
dimonoid is defined by two binary associative operations—commonly referred to as the
left operation () and the right operation (-)—that satisfy a specific set of compatibility
axioms. This structural innovation has provided new trajectories for algebraic modeling,
fostering significant advancements in both theoretical and applied mathematics [10, 21,
23].

A noteworthy development within this field is the conceptualization of dimodules,
which emerge from the adaptation of classical module theory to the dual-operational
architecture of dimonoids. These structures extend the traditional understanding of mod-
ules over rings while maintaining the rigorous axiomatic consistency inherent in dimonoid
theory. Dimodules over a dimonoid function as a vital instrument for characterizing
the representations and intrinsic structural properties of complex algebraic systems [26].
Furthermore, various constructions in theoretical physics, particularly within the realm of
quantum groups, can be effectively interpreted as module-like systems over specialized
algebraic structures. Existing literature has extensively explored the properties of dimod-
ules associated with specific classes of dimonoids, such as commutative, idempotent, or
distributive dimonoids [5, 6, 9, 25].

However, these classical formulations are predominantly based on crisp sets, which in-
herently limits their capacity to model systems involving parameter-dependent
uncertainty or vague data.To address these limitations, the integration of soft set theory,
introduced by Molodtsov, with algebraic structures has become a prominent area of con-
temporary research [14-19]. Soft set theory offers a robust mathematical paradigm for
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managing uncertainty by providing a parameterized description of objects, thus bypass-
ing the foundational difficulties encountered in traditional fuzzy or rough set theories [3,
20, 22]. Consequently, the successful application of soft set theory to groups, semigroups,
and rings has paved the way for more complex hybrid structures [2, 7, 8]. This research
trajectory has recently evolved toward the study of soft modules and generalized hyper-
structures, highlighting the versatility of soft sets in algebraic contexts [4, 16-19].

The objective of the present paper is to introduce and formalize the concept of soft di-
modules by merging dimodule theory with the parametric flexibility of soft sets. This
study aims to establish the fundamental characterizations of soft dimodules and investi-
gate the algebraic properties of their substructures. In addition, the notion of a soft di-
module homomorphism is defined, and the structural behavior of soft dimodules under
homomorphic transformations—specifically regarding images and pre-images—is rigor-
ously examined. By doing so, this work seeks to provide a comprehensive and theo-
retically sound basis for the analysis of algebraic systems operating within uncertain or
parameterized environments.

2. PRELIMINARIES

In this section, we recall some basic definitions and properties regarding semigroups,
dimonoids, dimodules, and soft sets that are essential for the development of our main
results.

Let X be an initial universe set and E be a set of parameters. Morever, P(X) denotes
the power set of X and A C E. A soft set, as proposed by Molodtsov, is defined as follows:

Definition 2.1. [13] A pair (0, A) is called a soft set over X, where © is a mapping defined by
©:A— P(X)
It is worth noting that a soft set over X is, in fact, a parametrized family of subsets of the

universe X, where each parameter corresponds to a particular subset. This structure facilitates the
modeling of uncertainty and partial knowledge in various contexts.

Definition 2.2. [12] Let (©1, A) and (©4, B) be two soft sets over the common universe X. Then,
(©1, A) is said to be a soft subset of (©2, B) (i.e., (01, A)C(O2, B)) if the following conditions
hold:
i. ACB,
ii. ©4(e) and Oz () are identical approximations for all ¢ € A.
Definition 2.3. [12] The support of a soft set (01, A) over H is defined as the set:
Supp(01,A4) ={e € A: O1(e) # 0}.
If Supp(©1, A) # 0, then (©1, A) is said to be non-null.
Definition 2.4. [12] Let (01, A) and (©4, B) be soft sets over H and let R = AN B. The
intersection of (01, A) and (©2, B), denoted by (01, A)N(O2, B) = (O*, R), is defined by the
mapping:
©*: R— P(H)
e — 0%(e) = O1(e) N Oy(e)
Definition 2.5. [12] Let (©1, A) and (O3, B) be soft sets over H and let C' = AU B. The union
(

, ceeB-—A

)
O1(¢e), ce€c A—B

()
{@1(€)U@2(E), e€ ANB
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Definition 2.6. [1] Let H be a nonempty set and ”-” be a binary operation on H. The algebraic
structure (1, -) is termed a semigroup if and only if

dz(djdk):(dzdj)dk, Vdi,dj,dk € H.
Definition 2.7. [1] Let P(H) represent the power set of the semigroup H, and let D;, D; be
elements of P(H). The operation is defined as follows:

@, lfDii(Z)OTDj:@,
D, D, =
{dl . dj ‘ d; € D;, dj € Dj }, otherwise.

Definition 2.8. [1] An element 0 € H is referred to as a left zero element if 0 - d; = 0 holds for
every d; € H. Conversely, if d; - 0 = 0 for all d; € H, then 0 is termed a right zero element. In
the case where an element 0 € H functions as both a left and a right zero element, it is defined as a
zero element.

Definition 2.9. [1] A semigroup H is referred to as a left (resp. right) zero semigroup if every
element within H functions as a left (vesp. right) zero element. Furthermore, if there exists a
specific element 0 € H satisfying the condition

di~dj:0, Vdi,dj € H,
then H is defined as a zero semigroup.

Definition 2.10. [1] Let (K, -) and (K, x) be two semigroups. A mapping f : H — K is termed
a homomorphism of semigroups if the following condition is satisfied:

fdi - dj) = f(di) = f(d;), Vdi,dj €H.
Definition 2.11. [1] Let {#; | ¢ € I} represent a collection of semigroups. The Cartesian product,

denoted by
H Hia
iel
consequently forms a semigroup itself.

Definition 2.12. [23] Let D be a nonempty set endowed with two associative binary operations,
denoted by * and o. The triple (D, *, o) is defined as a dimonoid if the following axioms are satisfied
for every d;, d;, dy, € D:

(di * dj) *dk = di * (dj ¢} dk)
Definition 2.13. [23] A dimonoid (D, *, o) is referred to as an idempotent dimonoid (or diband)
if the following condition is satisfied for every d; € D:

Example 2.1. [25] Let (D, %) represent a zero semigroup where 0 is the zero element. Choose fixed
elements d;, d; € D such that d; # d; and d; # 0. We define an additional binary operation o on

D as follows:
diod; = i o d :.dl =4
0, otherwise

Under these conditions, the triple (D, , o) constitutes a dimonoid.
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Definition 2.14. [25] Let (D1, #1, 01) and (D3, *2, 02) be two dimonoids. A mapping
f:D1 — Dy

is termed a homomorphism of dimonoids if the following conditions are satisfied for any d;, d; €
Dq:

f(di*1dj) = f(ds) %2 f(d;)

f(di oy d;) = f(d;) o2 f(d;)
Definition 2.15. [23] Let T be a nonempty subset of a dimonoid D. The set T is referred to as a

subdimonoid if it is closed under both operations, meaning that for any d;, d; € T, the following
conditions are satisfied:

di*dj€T7 diOdjET.
Definition 2.16. [25] A dimonoid (D, *, o) is termed a commutative dimonoid if both binary

operations x and o satisfy the commutative law.

Theorem 2.1. [25] Let (D, *,0) be a commutative dimonoid. For any elements d;,d;,d, € D,
the following series of equalities are satisfied:

=d;o(dj xdy) = (d; xdj) ody, = d; o (d; ody).

Theorem 2.2. [25] Every commutative idempotent dimonoid (D, x, o) is inherently a distributive
dimonoid.

Proof. Suppose that (D, *, o) is a commutative idempotent dimonoid. In view of Theorem
2.1, the binary operations ”*” and are identical. Consequently, for any d;,d;,d, € D,

we can write:

”_
o]

Given that the operation is idempotent, it follows that d; * d; = d;. Thus, we obtain:
(di * d;) % (dj xdy) = d; * (d; * di,) = d; o (d; * dy,).
This leads to the following equality:
(di o dj) * (d; o dy) = d; o (dj * di),

which confirms the property of distributivity[cite: 130, 131]. Since the dimonoid (D, %, o)
is commutative, it is concluded that it constitutes a distributive dimonoid. O

Example 2.2. [1] Consider the commutative dimonoid D = {d;, d;, d}, where the binary opera-
tion "x” is characterized by the table below:

d; | di d; d;
dj | d; d; dy
di | d; dy d;

In this case, the structure (D, %, x) fails to satisfy the distributive law because:
Furthermore, (D, *, ) is not an idempotent dimonoid as:
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Definition 2.17. [1] Let (D, *,0) be a dimonoid. A (left) D-dimodule consists of a semigroup
(H, -) equipped with an external operation

DxH—=H, (dih;)— d;h;
such that for any d;,d; € D and h;, h; € H, the following axioms are satisfied:
di(hi - hj) = d;h; - d;h;
(d; % dj)h; = d;h; - djh;
di(djhi) = (d; o d;)h;

Example 2.3. [1] Let D = {d1,d2} and H = {h1, ha}. Suppose that (D, x, o) is a dimonoid and
(H,-) is a semigroup, where the operations "x, o, -” are defined by the following Cayley tables:

* ‘ d1 d2 e} ‘ d1 d2 . ‘ h1 hg
di | di dy di | di ds hi | h1 he
dy | di dy do | di do ho | ha  ho

(i) Consider the mapping D x H — H defined by (d;, h;) — d;h; = h,. Under this assign-
ment, H constitutes a D-dimodule.

(ii) Alternatively, define the mapping D xH — H by (d;, h;) — d;h; = d; (where we identify
dy with hy and dy with hs). In this case, H is not a D-dimodule because the following
condition fails:

(dl * dg)hl = d1 7& h2 = d1h1 . d2h1.

Proposition 2.1. [1] Let (D, *,0) be a distributive dimonoid. Define an external operation as
follows:

DXD—)D, (di7dj)i—)didj:diodj.
Then the semigroup (D, %) constitutes a D-dimodule.

Proof. The proof follows directly from the distributive axioms of the dimonoid (D, *, o)
and the definitions of a D-dimodule. O

Example 2.4. Recall the dimonoid D = {d;, d;, dy} introduced in Example 2.2. It is evident that
(D, ) fails to form a D-dimodule, since the distributive property is not satisfied:

dk. * (dJ *d]) = dk #d] = (dk *dj) * (dk *dJ)

Definition 2.18. [1] Let (#, -) be a D-dimodule and let E be a nonempty subset of H. Then E is
referred to as a D-subdimodule of M if it is closed under the semigroup operation and the external
action; specifically, for any h;, h; € E and dy, € D, the following conditions are satisfied:

hlhj cE and diph; € E.

Proposition 2.2. [1] Let (H,-) be a D-dimodule and let {E; | ¢ € I} be a collection of D-
subdimodules of H. If the intersection ;. ; E; is nonempty, then it constitutes a D-subdimodule

of H.

Proof. Suppose that h;,h; € (),c; E; and di € D. By the definition of an intersection,
it follows that h;, h; € E; for every i € I. Since each FE; is a D-subdimodule, it is closed
under the respective operations; thus, h;-h; € E; and dih; € E; foralli € I. Consequently,
we have h; - h; € (,c; E; and dih; € (),c; E;. This confirms that the intersection (), ; E;
is indeed a D-subdimodule of H.

i€l
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Example 2.5. [1] Consider the semigroup (H,*) defined on the set H = {d;,d;,dy} by the
following operation table:

* ‘ dz dj dk
d; | di di d;
dj | d; dj d;
dp | di dy dg

If we define the external action H x H — H as the mapping (dm,, dy) — dmds, = dy, then
H possesses the structure of a D-dimodule.

Let us examine the subsets A = {d;} and B = {di} of . While both A and B indepen-
dently satisfy the conditions to be D-subdimodules, their union AU B = {d;,dy} fails to be a
D-subdimodule. This is due to the fact that the closure property under the semigroup operation is
violated:

Definition 2.19. [1] Let (D, *,0) be a commutative dimonoid and (H,-) be a D-dimodule. The
structure H is said to be a commutative D-dimodule if the following conditions are satisfied:

(1) h;-hj=hj-h;forall h;,h; € H (ie., (H,-) is a commutative semigroup),
(2) The dimodule actions are compatible with the commutativity of D, such that dih; = h;d,
(if the right action is defined) for all di, € D and h; € H.

Definition 2.20. [1] Let (D, *, o) be a dimonoid and (H, -) be a D-dimodule. The structure H is
characterized as follows:

(1) H is called an idempotent D-dimodule if h - h = h for every h € H.
Definition 2.21. [1] Let (D, x, o) be a distributive dimonoid and (H,-) be a D-dimodule. The

structure H is called a distributive D-dimodule if the following distributive laws are satisfied for
all u,v € Dand hy,hy € H:

(1) u(h1 . hg) = (uhl) . (’U,hg)
(2) (uxv)hy = (uhy) - (vhy)
(3) (wow)hy = (uhy) - (vhy)
Proposition 2.3. [1] Let (H, -) be a D-dimodule and A be a subset of H.
(i) Suppose hy € A is an idempotent element and define the set
(A:p H)ny = {di € D | dih; = ho forall h; € A}.

If (A :p H)p, is nonempty, it constitutes a subdimonoid of D.
(ii) Let A be a subsemigroup of H and consider the set

(A:pH)={d, €D|dH C A}.
If (A :p H) is nonempty, then it forms a subdimonoid of D.

Proposition 2.4. [1] Let {#H; | ¢ € I} be a collection of D-dimodules. The Cartesian product
[1;c; Hi consequently forms a D-dimodule, which is referred to as the direct product of the collec-
tion {H; | i € I}.

Proof. Let us define the external action as the mapping
Dx [[#H: — [1H  (dr: (hi)ier) = d(hi)icr = (dihi)icr-
i€l iel
It follows from the component-wise operations that [ |, ; H; satisfies the required axioms,
thus constituting a D-dimodule. O
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Definition 2.22. [1] Let (H1,-) and (Haz, ) be two D-dimodules. A mapping f : H1 — Ha is
termed a homomorphism of D-dimodules if the following conditions hold for all h;, h; € H,
and dy, € D:

f(hi-hy) = f(hi) - f(hy) and  f(dihi) = d.f(h:).
Theorem 2.3. [1] Let (H,-) and (K, -) be D-dimodules, and let f : H — K represent a homomor-
phism of D-dimodules. If E constitutes a subdimodule of H, then its image f(FE) is a subdimodule
of K.
Proof. Given that E is a subdimodule of H, the image f(E) is a nonempty subset of K.
Consider d;, € D and elements k1, k2 € f(E). By definition, there exist h;, h; € E such
that k; = f(h;) and ko = f(h;). Utilizing the homomorphism property of f, we obtain:

ki -ka = f(hi) - f(h;) = f(hi-hy),  diky = dif(hi) = f(dihs).
Since F is a subdimodule, it is closed under the respective operations, implying h;-h; € E

and dih; € E. Consequently, it follows that k; - ko € f(E) and dik1 € f(E). Therefore,
f(E) is indeed a subdimodule of K. O

Theorem 2.4. [1] Let (H,-) and (K, -) be D-dimodules, and let f : H — K be a homomorphism
of D-dimodules. If X is a subdimodule of K, then its preimage f~1(X) constitutes a subdimodule
of H, provided that f~'(X) is nonempty.

Proof. Assume that f~1(X) is a nonempty subset of H. Let d;, € D and consider elements
hi, h; € f~1(X). By the definition of the preimage, we have f(h;), f(h;) € X. Since fisa
homomorphism of D-dimodules, the following relations hold:

f(hi-hy) = f(hi) - f(hj) € X, f(dihi) = dif(hi) € X.
The inclusion in X is guaranteed because X is a subdimodule of K, which is closed under

both the semigroup operation and the D-action. Consequently, it follows that h; - h; €
f~1(X)and dxh; € f~1(X). This confirms that f~*(X) is indeed a subdimodule of H. O

Example 2.6. [1] Consider the set D = Z5 equipped with two binary operations defined by:

- 2, ifd;=d; =1 - 4, ifd; =d; =3
di*dj: - Zf ,j and diodj: Z Zf ,] 3
0, otherwise 0, otherwise

Under these operations, (D, *, o) forms a dimonoid. Now, let us define two D-dimodules as follows:

(i) The semigroup Hy = (Za,-) acts as a Zs-dimodule under the external action D x H, —
H defined by (dy., h;) — dih; = 1.
(ii) The semigroup Ho = (Z4, +) acts as a Zs-dimodule under the external action D X Ho —
Ho defined by (dy., h;) — dih; = 0.
Furthermore, the mapping f : Ho — Hi defined by f(h;) = 1 for all h; € Z4 satisfies the
conditions of a Zs-dimodule homomorphism.

Theorem 2.5. [1] Let (M, -) be a D-dimodule and hy € H. Define the set Dhg = {diho | di €
D}. Then Dhy constitutes a subdimodule of H.

Proof. 1t is evident that Dhy is a nonempty subset of H. To verify the subdimodule prop-
erties, let h;, h; € Dhg and d,, € D. By the definition of the set Dhy, there exist elements
di,dy € D such that h; = d1ho and h; = dahg. Considering the dimodule axioms and the
closure of D under its binary operations, we obtain:

e hy;- hj = (dlho) . (dgho) = (dl *dg)ho. Since dy *xdy € D, it follows that h; - h]‘ € Dhy.

o dyh; = dn(dihg) = (dm o dy)ho. Given that d,,, o d; € D, we have d,, h; € Dhy.
Consequently, Dhy is closed under both the semigroup operation and the D-action, thus
confirming it is a subdimodule of H. O
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3. SOFT DIMODULES

This section introduces the concept of soft dimodules and presents several fundamental
characterizations. By integrating soft set theory with the algebraic structure of dimodules,
we establish a framework to study parameterized collections of sub-structures. Further-
more, by defining the notions of soft subdimodules and soft dimodule homomorphisms,
this section explores their associated structural properties and provides illustrative exam-
ples. In what follows, for the sake of brevity, we shall use the term dimodule to refer to a
D-dimodule unless otherwise specified.

Definition 3.23. Let H be a D-dimodule and let (O, A) be a non-null soft set over H. The pair
(0, A) is called a soft D-dimodule over H if

O(«) is a subdimodule of H, Vo € Supp(©,A).

Example 3.7. Let R be a ring and consider H = R x R as a dimodule over R, where the left and
right actions are defined componentwise by

a-(r,re) = (ary,ars), (r1,r2) -a = (ra,rea), Va€eR, (r1,r2) € H.
Define the soft set (©, A) over H with the parameter set A = {cn, aa} as follows:
O(a1) =R x {0}, O(az) = {0} x R.

Since both © (1) and ©(ay) are subdimodules of H, the soft set (©, A) is a soft D-dimodule
over H.

Definition 3.24. Let (D, *,0) be a distributive dimonoid and H be a D-dimodule. A soft D-
dimodule (©, A) over H is called a soft distributive D-dimodule if, for each o € Supp(©, A), the
subdimodule ©(c) satisfies the following distributive properties:

(1) U(h1 . hg) = (Uhl) . (uhg)

(2) (uxv)hy = (uhy) - (vhy)

(3) (wow)hy = (uhq) - (vhy)
forall u,v € Dand hq, he € O(a).

Definition 3.25. Let (D, *,0) be a commutative dimonoid and H be a D-dimodule. A soft D-
dimodule (©, A) over H is called a soft commutative D-dimodule if, for each o« € Supp(©, A), the
subdimodule © () satisfies the following conditions:
(1) hi-he = he - hy forall hi, ho € O(a) (ie., O(w) is a commutative subsemigroup);
(2) uhy = hyu (if the right action is defined) or more generally, the dimodule actions are
compatible with the commutativity of D, for all w € D and hy € O(a).

Definition 3.26. Let D be a dimonoid and H be a D-dimodule. A soft D-dimodule (O, A) over
H is called a soft idempotent D-dimodule if, for each o € Supp(©, A), the subdimodule ©(c) is
idempotent, i.e.,

h-h=h, VYheO(a).
Definition 3.27. Let (01, A1) and (O3, As) be two soft D-dimodules over Hi and Hs, resp.
The product of these soft D-dimodules, denoted by (01, A1) x (B2, A2), is defined as the pair
(0, A1 x Aj), where the mapping © : Ay X As — P(H1 X Hz) is given by

O(ai, az) = O1(a1) x Oz(az)
forall (o, a2) € Ay X As.

Theorem 3.6. Let (O, A1) and (O3, As) be soft D-dimodules over D-dimodules H, and Ha,
resp. Then their product (©, Ay x Ag) is a soft D-dimodule over H1 x Ha.
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Proof. To prove the theorem, it is sufficient to show that © (a1, a2) = O1(a1) x O2(az) isa
subdimodule of H1 x Hs for all (a1, as) € Supp(©, A1 x As).
(1) Since (01, A1) and (O2, As) are soft D-dimodules, ©1(a;) # 0 and Oz(az) # () for
all a; € Supp(O1, A1) and as € Supp(O2, Az). Thus, O(ay, az) # 0.
(2) For any (h1, he), (h},h5) € O(a1,az), we have hi,h] € ©1(a1) and hg, by €
©2(a2). Since each ©;(«;) is a subdimodule, they are closed under the semigroup
operation:

(hl,hg) . (hll,hé) = (hl . hll,hg . h/z) € @1(0(1) X (“)2(0[2) = @(al,ag).

(3) Let dp € D. Since O1(ay) and O9(s) are subdimodules, dyh; € O1(ay) and
diha € ©2(a2). Consequently,

dk(hl,hg) = (dkhhdkhz) S @1(&1) X @Q(Oéz) = @(041,052).

Thus, O(ay, as) is a subdimodule of H; x Hs for each (g, a2) € Ay X As. Hence, (0, A X
As) is a soft D-dimodule over H; x Ha. O

Definition 3.28. Let (01, A) be a soft D-dimodule over H, and (©2, B) a soft D-dimodule over
Ho. Let ¢ : Hi — Hoand p : A — B be two mappings. The pair (@, p) is called a soft
D-dimodule homomorphism if the following conditions hold:

(1) ¢ is a D-dimodule homomorphism.
(2) p(01(a)) = O2(p(a)) forall o € A.
In this case, (©1, A) and (O4, B) are said to be soft homomorphic, denoted by (01, A) ~ (O3, B).
Furthermore:
o If ¢ isa monomorphism and p is an injective mapping, then (p, p) is called a soft monomor-
phism.
o If ¢ is an epimorphism and p is a surjective mapping, then (i, p) is called a soft epimor-
phism.
o If o is an isomorphism and p is a bijective mapping, then (o, p) is called a soft isomor-
phism. In this case, we denote (01, A) = (O, B).

Example 3.8. Consider the Zs-dimodules Hy = (Z4,+) and Ho = (Z2, -) as described in Exam-
ple2.7. Let A = {ey, ex} be the set of parameters. We define the soft Zs-dimodules (F, A) over H,
and (G, A) over Ha by the following set-valued mappings:

[ ] F(el) = {972}, F(eg) :7Z4,

o G(er) ={1}, G(e2)={1}.
Let f : H1 — Ha be a D-dimodule homomorphism defined by f(h) = 1 for all h € Z, and let
p = I4 be the identity mapping on the parameter set A. Since f(F(e;)) C G(e;) foreache; € A
and f is a dimodule homomorphism, the pair (f, p) constitutes a soft Zs-dimodule homomorphism
from (F, A) to (G, A).

Definition 3.29. Let (O, A) be a soft D-dimodule over H1, and let ¢ : Hy — Ho be a D-dimodule
homomorphism. The soft image of (©, A) under ¢ is defined as the pair
p(0,4) = (8,,4),
where the set-valued mapping ©, : A — P(H2) is given by
O,(a) = p(O()), VYae A
Theorem 3.7. Let ‘Hy and Ho be two D-dimodules and ¢ : H1 — Ho be a D-dimodule ho-

momorphism. If (©, A) is a soft D-dimodule over H1, then ©(©, A) is a soft D-dimodule over
Ho.
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Proof. Let (0, A) be a soft D-dimodule over H;. By definition, for each a € Supp(0, A),
the set O(«) is a subdimodule of 1. To show that (0, A) = (6, A) is a soft D-dimodule
over H,, we must verify that ©,(«) = ¢(O(«a)) is a subdimodule of H; for all a € A.
Since the image of a subdimodule under a D-dimodule homomorphism is a subdimod-
ule, ©, () is a subdimodule of H,. Specifically, for any ki, k2 € ©,(c) and d € D, there
exist hy, hy € O(a) such that k1 = p(h1) and k2 = ¢(ha). Then:
(1) k1-ka = @(h1) - p(h2) = (h1 - ha) € p(B(a)) = Oy(a)
(2) dki = do(h1) = p(dh1) € p(O()) = O,() and k1d = ¢(hid) € ¢(O(a)) =

Oy (@)
The closure follows from the fact that O(«) is a subdimodule of 7, and f is a D-dimodule
homomorphism. Thus, ¢(0©, A) is a soft D-dimodule over Ha. O

Theorem 3.8. Let H; and Hy be two D-dimodules and ¢ : H1 — Ho be an epimorphism of
D-dimodules. If (©, A) is a soft distributive D-dimodule over H1, then its soft image p(©, A) is a
soft distributive D-dimodule over Hs.

Proof. Let (©, A) be a soft distributive D-dimodule over #;. We denote the soft image as
0(©,A) = (0, A). To show that (0, A) is a soft distributive D-dimodule over H,, we
must verify the distributive properties for any o € Supp(©,, A).

Letu,v € D and k1, ko € O,(c). Since k1, ka € ¢(O(a)), there exist hq, he € O(a) such
that QD(hl) = kl and (p(hQ) = kg.

(1) For the first property:
ulky - k2) = ulp(h) - p(h2)) = u(p(hi - ha)) = @(u(hn - h2))
Since ©(«) is distributive:
p(u(hy - ha)) = ((uha) - (uh2)) = (uha) - p(uhy) = (uky) - (ukz)
(2) For the second property (u * v)k;:

(uxv)ky = (uxv)p(h) = o((u*v)hi) = p((uh1) - (vhi))
Using the fact that ¢ is a homomorphism:

¢((uh1) - (vh1)) = p(uhy) - p(vhy) = (uk1) - (vk1)

The third property u(vk;) = (u o v)k; is verified analogously. Thus, (O, A) satisfies the
distributive conditions for each parameter, making it a soft distributive D-dimodule over
Ho. O

Definition 3.30. Let (O, A) be a soft D-dimodule over Ho, and let ¢ : H1 — Ho be a D-dimodule
homomorphism. The soft preimage of (©, A) under ¢ is defined as the pair
0 1 (0,4) = (0,1, A),
where the set-valued mapping ©,-1 : A — P(H1) is given by
O,-1(a) = ¢ 1 (O()), Vae€ A.

Theorem 3.9. Let Hy and Hs be two D-dimodules and ¢ : H1 — Ho be a D-dimodule homo-
morphism. If (©, A) is a soft D-dimodule over Ha such that ¢=1(0(«)) # 0 for all o € A, then
the preimage =1(©, A) is a soft D-dimodule over H,.

Proof. Let (0, A) be a soft D-dimodule over H,. By definition, for each a € Supp(0, A),
the set ©(«) is a subdimodule of H,. To show that ¢=!(0,A) = (0,-1, A) is a soft D-
dimodule over H;, we must verify that ©,-1(a) = ¢~ (6(«)) is a subdimodule of #; for
each a € A.

(1) By hypothesis, ¢! (O(a)) is non-empty for all o« € A.
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(2) Let h1,he € ¢ 1(B(a)) and d € D. By the definition of preimage, we have
w(h1),e(h2) € O(a). Since O(«) is a subdimodule of H; and ¢ is a D-dimodule
homomorphism:

@(h1 - ha) = @(h1) - p(h2) € O(a)
p(dh1) =dp(h1) € ©(a) and @(hid) = p(h1)d € O(«)
(8) Since the images of hy - ha, dhq, and hid under ¢ are contained in ©(«), it follows
by the definition of preimage that:
hi-hy € 1 (O()), dhi € '(B(a)), hide e ' (O(x))

Thus, for each a € A4, p~1(O()) is a subdimodule of H;. Consequently, (6, A) is a
soft D-dimodule over H;. O
3.1. Soft Subdimodules.

Definition 3.31. Let (©, A) be a soft D-dimodule over H. A soft set (®, B) over H is called a soft
subdimodule of (©, A), denoted by (®, B) C (0O, A), if the following conditions hold:

(1) BC A;

(2) Foreach 8 € B, ®(B) is a subdimodule of ©(3).

Example 3.9. Let D = {e, a} be a dimonoid and H = (Z,+) be a D-dimodule where the actions
are defined as eh = h and ah = 0 forall h € Z.

Let A = {a1,az,as} be the parameter set and define the soft D-dimodule (0, A) over H as
follows:

° 9(@1) = 2Z,
o O(az) =47,
(] @(043) = 7.

Now, consider a subset of parameters B = {a1, as} C A and define the soft set (9, B) over H
by:
(] q)(Oél) = 4Z,
o O(ay) = 8Z
Since B C A and for each 5 € B, ®(B) is a subdimodule of ©(f), the soft set (®, B) is a soft
subdimodule of (©, A).

Theorem 3.10. Let {(©;, A) | i € I} be a family of soft subdimodules of (©, A) over the same
parameter set A. Then their soft intersection (2, A) = (;c;(©s, A), defined by the mapping
Q(a) = N;e; Oi(a) for each a € A, is a soft subdimodule of (©, A) provided that Q(a) # ( for all
a€ A

Proof. To prove that (2, A) is a soft subdimodule, it is sufficient to verify that for each
a € A, the set Q(a) is a subdimodule of #. Let a € A and assume Q(a) = (,.; O:(a) # 0.
By hypothesis, each (©;, A) is a soft subdimodule, which implies that ©;(a) is a subdi-
module of H for every i € I. Since the intersection of any family of subdimodules of # is
itself a subdimodule (Proposition 2.3), it follows that 2(«) is a subdimodule of # for each
a € A. Consequently, (2, A) is a soft subdimodule of (0, A) over A. O

Theorem 3.11. Let H be a D-dimodule and A C H be a set of parameters. If a soft set (©, A) over
H is defined by ©(a) = Da = {da | d € D} for each a € A, then (O, A) is a soft subdimodule of
‘H over A.

Proof. To prove that (©, A) is a soft subdimodule, it is sufficient to show that for each
parameter a € A, the set O(a) is a subdimodule of H. Let a € A. By definition, ©(a) = Da.
The set Da is a subdimodule of # as it satisfies the following conditions:
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(1) ©(a) = Da is a non-empty subset of H.

(2) For any hq, hy € Da, there exist di, d> € D such that hy = dya and hy = daa. Then,
hi - ha = (dia) - (dea) = (dy * d2)a. Since d; * ds € D, it follows that hy - hy € Da.

(3) For any d;, € D and hy € Da, where hy = dja, the action is given by dyhy =
di(dra) = (dy, o dy)a. Since d, o d; € D, we have dph; € Da.

Since ©(a) is a subdimodule for every a € A, (©, A) is a soft subdimodule of # over A. O

Theorem 3.12. Let {(©;, A;) | i € I} bea family of soft D-dimodules over H. Ifeach (0;, A;) isa
soft idempotent (resp. soft commutative, soft distributive) D-dimodule, then their soft intersection
(©,A) = Nicr(©;, A;) is also a soft idempotent (resp. soft commutative, soft distributive) D-
dimodule.

Proof. Let (©,A) = N;ecr(0;, A;), where the mapping © : A — P(H) is defined by
O(a) = N;c10;(a) for each a € A. Since the intersection of any family of subdimodules is
a subdimodule, (0, A) is a soft D-dimodule.

(1) Suppose each (0;, A4;) is soft idempotent. For any a € A and any h € ©(a), we have
h € ©;(a) for every i € I. Since each ©;(a) is an idempotent subdimodule, the condition
h-h = hholds in every ©,(a). Consequently, i - h = h holds in the intersection ©(a),
confirming it is soft idempotent.

(2) Suppose each (0;, A;) is soft commutative. For h;, hy € O(a), it follows that hy, ks €
©;(a) for all ¢ € I. Since each ©;(a) is commutative, hy - ha = hy - by holds for all i € I.
Similarly, the compatibility of the dimonoid actions uh; = hyu is preserved in O(a).

(8) Suppose each (0;, A;) is soft distributive. For hy,hs € O(a) and u,v € D, the
distributive axioms hold in each ©;(a) for all ¢ € I. Thus, the equalities:

[ ] U(hl . hg) = (uhl) . (uhg)

o (uxwv)hy = (uhy) - (vhy)

o (uowv)hy = (uhy) - (vhy)
remain valid in the intersection ©(a). Therefore, (0, A) is a soft distributive D-dimodule.
]

Example 3.10. Consider the dimonoid (D, *,0) and the D-dimodule H = {hq, ha} defined in
Example 2.3-(i), where the action is given by (d, h) — dh = h forall d € Dand h € H.
Let A = {e1, ex} be the set of parameters, where we associate e; with hy and ez with hy. We
define a soft set (O, A) over H by utilizing the orbit structure for each parameter as follows:
o @(61) =Dh; = {dhl | de D} = {hl},
[ @(62) = Dhy = {dhg | de D} = {hQ}
According to Theorem 3.7, both ©(ey) and ©(ez) are subdimodules of H. Consequently, the
soft set (©, A) is a soft subdimodule of H over the parameter set A. This example demonstrates
how a collection of individual orbits can be structured as a single soft algebraic entity.

Example 3.11. Let D = (Z,-) be a dimonoid and H = Z x Z be a D-dimodule with the action
defined by d(hq1, he) = (dhi,dhs) forall d € D and (hy,he) € H. Let A = {e1, e2} be the set of
parameters. We define two soft subdimodules (©, A) and (D, A) over H as follows:

e For (@,A) @(61) = {(hl,O) thy € Z} and @(62) = {(hl,hl) chy € Z}

e For (CI),A).' @(61) = {(O,hg) thy € Z} and @(62) = {(hl,hl) thy € Z}

By Theorem 3.7, all component sets ©(e;) and ®(e;) are subdimodules of H. Now, let (Q, A) =
(© N ®, A) be the soft intersection defined by Q(e;) = O(e;) N P(e;). The resulting soft set is
given by:

* Q(e1) = O(e1) N @(e1) = {(0,0)},
° Q(eg) = @(62) N CI)(GQ) = {(hl, hl) thy € Z}
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Since both {(0,0)} and {(h1,h1) : h1 € Z} are subdimodules of H, it follows that (2, A) is a
soft subdimodule of H. This example validates that the soft intersection of subdimodules preserves
the dimodule structure for each parameter.

4. CONCLUSIONS

In this paper, the relationship between soft set theory and dimodule structures has been
investigated, and the concept of soft dimodules has been introduced. Initially, the funda-
mental algebraic properties of soft dimodules were defined, and the construction of these
structures as parameterized collections of sub-structures was illustrated through concrete
examples.Furthermore, specific algebraic conditions such as distributivity, commutativity,
and idempotency were established for soft dimodules, and it was theoretically proven that
these properties are preserved under soft intersection operations. Additionally, the struc-
tural preservation of soft dimodules was analyzed through dimodule homomorphisms,
specifically focusing on the properties of their soft images and preimages. The results ob-
tained demonstrate that the soft set approach is an effective tool for modeling uncertain
structures within dimodule theory. This study provides a solid theoretical foundation for
future research into soft ideals and soft kernel structures.
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