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An Inertial Method for Approximating Solutions of Split
Equality Problems for Generalized Mixed Equilibrium and
Fixed Points of Multi-Valued Mappings in Banach Spaces

SOLOMON BEKELE ZEGEYE!, MENGISTU GOA SANGAGO?, HABTU ZEGEYE?, SEBSIBE
TEFERI WOLDEAMANUEL?, AND P. KAELO?

ABSTRACT. In this paper, we introduce and study an inertial method for approximating a solution of the
split equality of generalized mixed equilibrium and fixed point of multi-valued quasi-Bregman nonexpansive
mapping problems in reflexive real Banach spaces. We also apply our result to the split equality of mono-
tone inclusion and generalized mixed equilibrium problems, the split equality of multi-Objective constrained
optimization problems, the multiple-sets split equality feasibility problems and the multiple-sets split equality
feasibility problems. In addition, we give numerical results to demonstrate the applicability and efficiency of
the proposed method.

1. INTRODUCTION

One area of applied mathematics that has drawn the attention of numerous scholars over
the past forty years is the theory of equilibrium problems.

Problems arising from image restoration, computer tomography, radiation therapy
treatment planning, economics, optimization, etc. have been studied using an equilib-
rium problem theory. In some systems, solutions of equilibrium problems are also so-
lutions of the fixed point problems of a nonlinear mapping. Many researchers looked
for common solutions to the equilibrium and fixed point problems of a system. Numer-
ous writers have investigated the presence and approximation of common solutions to
equilibrium and fixed point problems using a variety of compactness assumptions and
flexible monotonicity notions. To mention some, see Blum and Oettli [6], Bnouhachem
[7], Byrne[11, 12], Moudafi [18], Zegeye et al. [33], and the references therein.

The split feasibility problem (SFP), introduced by Censor and Elfving [13] in 1994, is
to find 2* € C such that Az* € @, where C and () are nonempty subsets of real Banach
spaces E; and E», respectively, and A : E; — E is a bounded linear mapping. In sig-
nal processing and medical image reconstruction, Byrne demonstrated the usefulness of
SFP [11, 12]. Using the SFP, Censor et al. [14] simulated intensity-modulated radiation
treatment in 2006. Moudafi [19] introduced the new split feasibility problem (SEP), also
known as the Split Equality Problem (SEP), which is to find 2* € C and y* € @ such that
Az* = By*, where C' and () are nonempty subsets of real Banach spaces E; and E», re-
spectively,and A : £y = F and B : By — I are bounded linear mappings with I another
real Banach space. Numerous scholars presented several approximation techniques in the
Hilbert space context. In the general Banach space settings, we continue to study an ap-
proximation of a shared solution of the split equality fixed point problem of multi-valued
mapping and the split generalized mixed equality equilibrium problem.
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Let us start by introducing some important notions which will be used in the sequel.
Consider the real Banach space E and its dual, E*. Let C represent a nonempty, convex,
and closed subset of E. The family of nonempty subsets of C' is represented by N(C),
and the family of nonempty, closed, convex and bounded subsets of C' is represented by
CB(C). A multi-valued mapping T' : C' — N(C), has a fixed point set F'(T'), which is
defined as

F(T)={peC: peTp}.

Let F' : C' x C — R be a bi-function, ¢ : C — R a function, and B : C — E* a nonlinear
mapping. The generalized mixed equilibrium problem (GMEP) for F, ¢ and B is to find
x* € C such that

(1.1) H(z",y) == F(a",y) + ¢(y) — (") + (Ba™,y —2") > 0,Vy € C.

The solution set of the generalized mixed equilibrium problem (1.1) is represented by
GME(F, ¢, B), which is

GME(F,p,B)={pc C: H(p,y) > 0,Vy € C}.

It is well recognized that this class of problems includes problems with equilibrium, vari-
ational inequality, and other problems. Numerous problems in applied sciences like as
economics, physics, and optimization can be reduced to specific instances of GMEP.
A bi-function F' : C' x C — Ris said to satisfy Condition A (see Blum and Oettli [6]), if

the following four characteristics are true:

(1) F(z,z)=0,Vz € C;

(2) F is monotone, i.e., F(z,y) + F(y,z) < 0,Va,y € C;

(B) limypo F(tz+ (1 —t)z,y) < F(z,y),Vz,y,2 € C;

(4) foreachz € C,y — F(z,y) is convex and lower semicontinuous.

Next, we go over the concepts of Bregman distance in relation to a function f. Suppose
that E is a real Banach space and that f : E — (—o0, +o0] is a function with domain f,

dom(f)={z € E: f(z) < o0}.
Then, f is said to be

i. proper if dom(f) # 0;

ii. lower semi-continuous if for all r € R the set {x € E : f(z) < r}is closed;

iii. convexif f(ax + (1 —a)y) <af(x)+ (1 —«)f(y) forallz,y € Eand a € [0, 1];

iv. uniformly convex if there exists a continuous increasing function ¢ : [0, +00) — R
such that $(0) = Oand f(tx+ (1~ t)y) < t£(x)+ (1—1) F(y) — (1 —£)(lx—y])), for
all z,y € dom(f), for all t € [0, 1]. The function v is called a modulus of convexity of
f

v. strongly convex if f is uniformly convex with the modulus of convexity ¢ (t) = ct?,
c>0;

vi. strongly coercive if lim||,| 40 % = +o0.

The subdifferential of a proper, lower semi-continuous, and convex function f : £ —
(—o00, +00] at z is defined by

of(x) ={z* € E": f(y) — f(z) > (y — =, 2"),Vy € E}.

The Fenchel conjugate of f is a function f* : E* — (—o0, +-00| defined by

fH(a*) =sup{{z,z*) — f(z) : x € E}.
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For every = € int(domf) and any y € FE, we represent by f°(x,y) the right-hand
derivative of f at x in the direction of y, i.e.,

(1.2) f(z,y) = lim

flz+ty) = f(z)

exists. For every y € E, the gradient of f at z, V f(z), in this instance corresponds with
fo(z,y).

If it is Gateaux differentiable at every point « € int(domf), it is called Gateaux differ-
entiable. We observe that 0f = V f if the subdifferential of f is single-valued. If the limit
(1.2) is attained uniformly for each y € E with ||y|| = 1, then the function f is classified
as Fréchet differentiable at . If the limit (1.2) is attained uniformly for € C and ||y|| = 1,
then f is uniformly Fréchet differentiable on a subset C of E.

If f is a uniformly convex and Gateaux differentiable function in (dom f) with modulus
of convexity v, then (x —y, Vf(z) — Vf(y)) > 2¢(|x — yl||),Vz,y € domf, or equivalently,
fly) > flx)+{y—z, V() +9(lz—yl),Vr,y € domf;If f is a strongly convex function
with constant p > 0 and Gateaux differentiable in (dom f), then (z —y, Vf(z) — V f(y)) >
ulz — y|2,¥a,y € dom . Alternatively, f(y) > f(z) + (y — @, (f(2)) + & ]z - y||?, Yo,y €
domf; The function f(z) = ||z||?,Vz € F is strongly convex with constant p € (0,1]; if
f has a Lipschitz gradient with parameter L, then f* is strongly convex with parameter
1; and if f has a Lipschitz gradient with parameter %, then f* is strongly convex with

Given any y € E, the function f is called Gateaux differentiable at x if tlin%
>

1
parameter +.

Definition 1.1. (Bauschke [3] and Bauschke et al. [4]) Let f : E — (—o0,+oo|and f : E* —
(—00, +00] be Gateaux differentiable functions. The function f is called Legendre if dom(V f) =
int(domf) # 0 and dom(V f*) = int(dom f*) # 0.
Example 1.1. (Bauschke [3] and Bauschke et al. [4]) Let E be a smooth and strictly convex
Banach space, and let f(x) = %Hx”p (1 < p < +00) with conjugate function. f*(x*) = %Hx*”q
(1 < q < 400), with % + % = 1. Then f is the Legendre function. In this case, the gradient
of f, V£, coincides with the generalized duality mapping, Jp,, of E, that is, Vf = J,, where
Jy: E — 2F is defined by

Tp(z) ={y* € E*: (w,y") = |l2[|", I/ = |=|P~*}, Vo € E.
If p = 2, we write J, = J, which is called the normalized duality mapping. If E = H, a real
Hilbert space, then J = I, with I denoting the identity mapping on H.

Remark 1.1. (Bonnans and Shapiro [8]) If E is a reflexive Banach space and f is a Legendre
function, then V f* = (V f)~L.

Assume that f : E — (—o0,+0o0] is a Gateaux differentiable convex function. The
function Dy : domf x int(dom[f) — [0, +00) defined by

(1.3) Di(y, ) = fy) = f(z) = (y =2, V[(x)), Y2,y € E.
is known as the Bregman distance with regard to f (see Bregman [9]).

The Bregman distance has two significant identities (see Reich [23]), known as the three-
point identity: For any « € domf and y, z € int(domf),

(1.4) Dy(z,y) + Dy(y,z) — Dy(x,2) = (x —y,Vf(2) = Vf(y)),
The four-point identity states that for any y, w € domf and z, z € int(domf),

(15)  Dyly,x) = Ds(y,2) = Dp(w,x) + Dy (w, 2) = (y — w, Vf(2) = Vf(z)).
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If E is a smooth and strictly convex Banach space and f(z) = 3||z||? forall 2 € E, then
Vf = J, where J is the normalized duality mapping from E into 2" and the Bregman
distance with respect to f, D, reduces to the Lyapunov functional ¢ : E x E — [0, +00)

defined by
(1.6) Sy, ) = yl* = 2(y, Jz) + ||z|*, Vo, y € E.

Assume f : E — (—o0,+00) is a convex function that is differentiable on G. The total
convexity modulus of f at z € int(domf) is defined by the function v¢(z,.) : [0,400) —
[0, 00), where

vi(x,t) == inf{D¢(y,z) : y € dom(f), ||y — z|| = t}.

When t > 0, the function f is said to be totally convex at z if v¢(z,t) > 0. Totally con-
vex means that f is totally convex at all points « € int(domf). If v¢(B,t) > 0 for each
nonempty bounded subset B of E and t > 0, the function is said to be totally convex on
bounded subsets.

Let H be the Pompeiu-Hausdorff metric(Berinde and Péacurar [5]) on CB(C') defined by

(1.7) H(W,Y) = max{sup d(a,Y),supd(b, W)},

acW bey
for all WY € CB(C), where d(a,Y) = inf{Df(a,b) : b € Y} is the distance from the
point a to the subset Y. Consider the mapping T’ : C — C'B(C'). Let a sequence {z,,} in C
converges weakly to p such that lim,,_, d(z,, Tz,) = 0. then a point p € C is called an
asymptotic fixed point of T'. The symbol F(T") will represent the set of asymptotic fixed
points of T'.

Definition 1.2. A multi-valued mapping T : C — CB(C) is said to be

(a) Bregman nonexpansive if H(Tx,Ty) < Dys(z,y), forall z,y € C;
(b) Bregman relatively nonexpansive if
(i) F(T) #0;
(ii) H(Tp,Tx) < Dy(z,p)forallp e F(T), x € C;
(iii) F(T) = F(T);
(c) quasi-Bregman nonexpansive if F'(T') # 0 and H(Tp,Tx) < Dys(x,p) forall p € F(T),
zeC.

Remark 1.2. The class of multi-valued quasi-Bregman nonexpansive mappings is a more general
class of mappings since we see that all Bregman nonexpansive with fixed point nonempty and all
Bregman relatively nonexpansive mappings are quasi-Bregman nonexpansive mappings.

The presence and approximation of fixed points for multi-valued mappings in different
spaces under various assumptions have been explored in recent years by a number of
writers (see [2], [16], [29], [31]). In order to approximate the common fixed point problem
of a finite family of Bregman weak relatively nonexpansive mappings in reflexive real
Banach spaces, Zegeye and Shahzad [30] devised a one step iteration. They demonstrated
the following outcome.

Theorem 1.1. [30] Let C be a nonempty, closed, and convex subset of int(domf). Let f : E — R
be a highly coercive Legendre function that is bounded, uniformly Fréchet differentiable, and fully
convex on bounded subsets of E. Consider a finite family of Bregman weak relatively nonexpansive

mappings T; : C — E such that F := ﬂfV:l F(T;) is nonempty for i = 1,2,--- ,N. If the
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sequence {x,, } is produced by

xg € C,
(e {xnﬂ = PIVF (60V () + £, BV (L)) . m 2 0,

where {B;}N.; C [c,d] C (0,1) and Zf\; B; = 1, then {x,,} converges strongly to an element of
F.

The following theorem, which approximates the solution to a finite family of Bregman
substantially nonexpansive mappings in reflexive real Banach spaces, was established by
Shahzad and Zegeye [27] in 2014.

Theorem 1.2. Let C be a nonempty, closed, and convex subset of int(domf). Let f : E — R be
a highly coercive Legendre function that is bounded, uniformly Fréchet differentiable, and totally
convex on bounded subsets of E. Consider a finite family of Bregman relatively nonexpansive
mappings T; : C — E such that F = ﬂfvzl F(T;) is nonempty for i = 1,2,--- ,N. Let
T; : C — CB(C). If the sequence {x, } is produced by

To,w € C,
(1.9) Yn = Pévf (anVf(w) + (1 —an)Vf(rn)),
Zoit = VI (BaoVF@a) + S BiV  (Un)) suni € Tignsm > 0,

where {a,,} € (0,1) and {B,,;} C [a,b] C (0,1),fori=1,2,---, N, satisfy certain conditions,
then {x,,} converges strongly to an element of F.

Alghamdi et al. [1] demonstrated the following convergence theorem in 2016 for the
fixed point problem of Bregman relatively nonexpansive mapping in a smooth, strictly
convex, and reflexive real Banach space £ as well as a common point of variational in-
equality problem. The following theorem was proven by them.

Theorem 1.3. Suppose that C' is a nonempty, closed, and convex subset of E, a smooth, reflexive,
and strictly convex real Banach space. The Legendre function f : E — R is bounded, uniformly
Fréchet differentiable, and fully convex on bounded subsets of E. It is also highly coercive. Consider
the Bregman relatively nonexpansive mapping T : C — E and the continuous monotone mapping
B : C — E*. Assume that F := F(T)(\VI(C,B) is nonempty. Let {z,} be a sequence
generated by

xg,w € C
u,, € C such that
(1.10) (B, y — up) + i (Vflup) = Vf(xn),y —un) >0,y € C,
Yn =V f* (O‘nvf(xn) + 5an(Un) + ’anf(T(J:n))) )
Zut1 = PEVf* (0, Vf(w) + (1 = @)V (ya)) ;0 2 0,
where o, B, € [c,d] € (0,1) such that a, + B, + v = 1 and {a,} C (0,1) satisfies
limy, o0 @y, = 0, >0 | a,, = 00. Then, {x,,} converges strongly to PI{f(w).
Consider reflexive real Banach spaces E;, E3, and F, and their respective duals £}, E3,

and E*. Assume that C' and D are nonempty, closed, and convex subsets of E; and E,
separately. Let’s say we have the mappings listed below.

(1) Ty : C - N(C)and T, : D — N (D) are multi-valued mappings;

(2) F1:CxC —Rand Fy : D x D — R are bi-functions;

(3) ¢1:C — Rand s : D — R are real valued functions;

(4) By : C — Ej and By : D — Ej are nonlinear mappings; and
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(®) S: Ey - Fand K : E; — E are bounded linear operators with adjoints S* and
K™, respectively.
The Split Equality of Generalized Mixed Equilibrium and Fixed Point Problems (SEGMEFPP) is
defined as finding a point (p, q) € C' x D such that

(1.11)
(p,q) € [GMEP(Fy,¢1,B1) N F(T1)] x [GMEP(Fz, 2, B2) N F(12)] and S(p) = K (q).

In 2020, Nnakwe [20] constructed Krasnoselskii-type algorithm given by

(1.12)

(z1,91) € Er X Ea, C1 = B, D1 = Es, ey € Jp(Su, — Kvy),

Un = QrTn, Vn = QrYn,

0, = Jbill(JElun — pS*ey), op = JE;(JEZUH + puK*e,),

Zn = JEII(ﬂJE1xn + (1 - ﬂ)']ElTlGn)’ Wp = JE;(/BJE’zyn + (1 - B)JEQTQ(Sn)a
Crny1=1{p € Cn : (P, 2n) < ¢(p, )}, Dny1 ={q € Dy 2 ¢(q,wn) < ¢(q,yn)}
Tny1 =g, 21, Yny1 =1p,, y1,

where ¢ is the Lyapunov functional, to solve the SEGMEP and proved a strong con-
vergence theorem to a common solution of split equality generalized mixed equality
equilibrium problems and fixed point problem for quasi-¢-nonexpansive mappings in
2-uniformly convex and uniformly smooth real Banach space.

The following question naturally arises.

Question 1. Is it possible to construct a method that strongly converges to a common solution
for split equality generalized mixed equilibrium and fixed point problems for multi-valued quasi-
Bregman nonexpansive mappings in Banach spaces beyond 2-uniformly convex and uniformly
smooth real Banach spaces?

In this paper, we introduce and study an inertial method for approximating a common
solution of the split equality of generalized mixed equilibrium problem and fixed point
of multi-valued quasi-Bregman nonexpansive problem in reflexive real Banach spaces,
inspired by the works of Zegeye and Shahzad [30], Shahzad and Zegeye [27], Alghamdia
et al. [1], and Nnakwe [20]. As a result, we present an inertial approximation approach
for a shared fixed point in a finite family of multi-valued quasi-Bregman nonexpansive
mappings. In addition, we provide numerical data to demonstrate the applicability and
efficiency of the suggested strategy.

2. PRELIMINARIES

Let I be a reflexive Banach space and f : £ — R be a Legendre function. The function
Vi E x E* — R associated with f is given by

Vi(z,z") = f(z) — (x,z*) + f*(z), forallz € Fand z* € E”.

We note that V; is a nonnegative function which satisfies (see, Senakka and Cholamjiak
[26])

(2.1) Vi(x,2*) = Dy(z,Vf*(2*)) forallz € F'and 2™ € E*,
and
(22)  Vi(z,z*) +(Vf(z*) —z,y") < Vi(z,z" +y"), forallz € Eand z*,y* € E*.

We shall use the following lemmas in the proof of our main results.
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Lemma 2.1. (Wega and Zegeye [28]) Let f be a strongly convex function with constant p > 0.
Then, for all y € dom f and x € int(domf),

I
Dy(y2) = Sllw — gl
where Dy (y, x) is a Bregman distance with respect to f .

Lemma 2.2. (Phelps [22]) If f : E — (—o00,+00] is a proper, convex, lower semi-continuous
function, then f* : E* — (—o0, +00]| is a proper, weak lower semi-continuous, convex function

and for each w € E, {0, })_, € (0,1) and {z,}_, C E. The following is true with Z Oy =
1:

N
(2.3) (w,V f* (Z 0,V f(zn )) <> 0,Dp(w, z).
n=1

The Bregman projection of « € int(domf) onto the nonempty, closed, and convex set
C C domf is the unique vector P/, (z) € C satisfying

Dy(PL(x),x) = inf{D;(y.2) : y € C}.
The well-known Bregman projection qualities include:

Lemma 2.3. (Bunariu and Resmerita [10]) Assume f is a totally convex and Gateaux differen-
tiable function on int(domf) and x € int(domf). Assume C is a nonempty, closed, and convex
subset of int(dom f). Then,

() = = PL(x) ifand only if (y — 2,V f(z) = VF(2)) <0, %y € C;

(i) Dy(y, P(w)) + Dy(PE(x), ) < Dy(y,), Vy € C.

Lemma 2.4. (Reich and Sabach [24]) Assume that f : E — R is a totally convex function that is
Giateaux differentiable. For x € E, if the sequence D (x.,, x) is bounded then {z,} is bounded.

Lemma 2.5. (Reich and Sabach [24]) Consider f : E — R, a Gateaux differentiable function that
is uniformly convex on a limited subset of E. If {x,, } and {y,, } are bounded sequences in E, then

limy, 00 Df(xn, yn) = 0if and only if lim, o0 ||2n — yn| = 0.
Lemma 2.6 (Darvish [15]). Let f : E — (—o0,+00] be a coercive and Gdteaux differentiable
function. Let C be a closed and convex subset of a real reflexive Banach space E. Assume that

B : C — E* is a continuous and monotone mapping, ¢ : C — R is a lower semi-continuous and
convex function and let F' : C' x C' — R be a bi-function satisfying Condition A. For r > 0 and

x € E, define a mapping T};’T : E — C as follows:
Q4 Tfw={:€C:HEy) +(y—2 V() - V@) > 0¥y € C),

where H(z,y) = F(z,y) + ¢(y) — ¢(2) + (y — z, Bz). Then, TIJ;’T(I) # 0, and the following
hold:

(1) T{I’T is single-valued;

(2) F(TL") = GMEP(F, ¢, B);

(3) GMEP(F,, B) is closed and convex;

(4) TI’;’T is quasi-Bregman nonexpansive;

(5) Dy(p,Ti"x) + Dy(Tf "z, ) < Dy (p,x),Vp € F(T]").

Lemma 2.7 (Jailoka et al. [17]). Let E be a reflexive real Banach space. Consider T : E —
CB(E), a multivalued Bregman quasi-nonexpansive mapping with F(T) # 0. Then, F(T') is
closed and convex.
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Lemma 2.8. (Saejung and Yotkaew [25]) Let {{,} C Rand {r,} C (0, 1) be sequences such that
>0 G = occand
Tnt1 < (]- - Cn)'rn + Cngnan > 1.

If for every subsequence {1, } of {7} and {&,,, } of { &, } which satisfies liminfy,_ oo (Tn,+1 — Tny)
0 and lim supy,_, o &n,, < 0, then lim,, oo 7, = 0.

Consider E; and E; as reflexive real Banach spaces with dual £ and E3, respectively.
If £ = E1 x By andits dual E* = E} x E3, then the duality pairing is provided by

<$7Z/*> = <371/yf> + <x27y§>a

where x = (z1,22) € E and y* = (yf,y3) € E*. Leth : E = Ey X By — (—00, 4]
Define h(z1,22) = f(z1) + g(x2), V(z1,22) € E1 X Ey, and f : E; — (—o0,+00] and
g : Ey — [—00,+00] denotes proper, lower semi-continuous, and convex functions. The
subdifferential of h at x = (1, z2) corresponds to the convex set given by

Oh(x) = {z* € E":h(y) —h(x) = (y —=,2%),Vy € E}
= {(z7,23) € Ef x Ej : 27 € 0f(x1) and x5 € 9g(x2)}.

Assuming f : By — (—00,+00),(—00,+00) and g : By — (—00,+00),(—00,+00) are
Gateaux differentiable convex functions, then h is a Gateaux differentiable convex func-
tion, and V(l‘l, 3?2) € By x E5, Vh(xl, .Z'Q) = (Vf(l‘l), Vg(ajg).

3. MAIN RESULT

This section introduces an inertial algorithm to solve the split equality of generalized
mixed equilibrium and fixed point of multi-valued quasi-Bregman nonexpansive prob-
lems in reflexive real Banach spaces. The following assumptions will be made in the
sequel.

Assumptions

(A1) Let £y, E; and FE be reflexive real Banach spaces with their dual spaces £}, E3
and E*, respectively. Let C'and D be nonempty, closed and convex subsets of F;
and FEj, respectively.

(A2) Let f : By — Rand g : E; — R be strongly coercive, lower semi-continuous,
strongly convex, bounded and uniformly Fréchet differentiable Legendre func-
tions on bounded subsets with strongly convex conjugates f* and g*, respectively.
Assume that ;1 and po are the strong convexity constants of f and g, respectively,
and let p = min {p1, p2};

(A3) LetT; : C — CB(C)and G; : D — CB(D), i = 1,2,..., N, be quasi-Bregman
nonexpansive mappings with T;(p) = {p},Vp € F(T;) and G;(p) = {p},Vp €
F(G;) such that I — T; and I — G are demiclosed at zero;

(A4) Let F1;, : C xC - Rand F5; : DxD — R, i =1,2,...,N, be bi-functions
satisfying Condition A;

(AS5) LetBy,;,:C = Efand By; : D — E3,i=1,2,..., N, be monotone mappings;

(A6) Letpy;, : C = Rand g2, : D = R, i =1,2,..., N, be real valued functions; for
eachi=1,2,..., N we denote by

Hyi(z,y) == F1i(z,y) + 01,6(y) — 01,i(2) + (y — 2, B1,,2) and
Hyi(z,y) = F2(2,y) + 02.(y) — ¢2,i(2) + (y — 2, B22) .

(A6) Let S : By — EFand K : E; — E be bounded linear mappings with adjoints
S*: E* — EY and K* : E* — E3, respectively;

>
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(A7) Assume that

Q={(p.q) € xQ:S(p)=K(q)} #0,

N N
where Oy = [(GMEP(Hy ;) N F(T;)) and @, = (|(GMEP(H, ;) N F(G;)).
j=1 j=1
(A8) For each i = 0,1,2,...,N, let {a;,} be a sequence in [a,b] C (0,1) such that
vazo ajp=1forn=12,.---. Foreachi=1,2,...,N,let 81 ; and B ; be num-
bers in [0, 1], such that 3>~ | 81, = Tand SN, Bo; = 1.
(A9) Let {\,} C (0,1) be such that lim,_,, A, = 0and Y .-, A\, = oo; choose a se-
quence {x,} in (0, §) such that lim,,_,c ¥ = 0; choose a sequence {r,} in (c, 00)
for some ¢ > 0.
et Jg be normalize uality mapping on E.
A10) Let Jg b lized duality mapping on I/

Algorithm 3.1

Initialization: Choose (w,u), (0,%0), (x1,91) € C x D, 0 < o, p. Define the algorithm as
follows:

Step 0: Choose o,, such that 0 < ¢,, < 7,, where
(3.1)

. . .
5. — mm{ C Iy = T E oy "} i e # Tno1 & yn 7 Yo
o, otherwise

Step 1: Compute

an = V(Vf(zn) +on(Vf(zn) = Vf(zn-1))),
(32) bn = Vg*(Vg(yn) + Un(VQ(yn) - Vg(yn—l)))'

Step 2: Choose ~,, such that p < v,, < p,, for S(a,) # K(b,) otherwise v,, = p, for some
p > 0, where

. NHS(an)_K(bn)‘P
(3.3)0n—m1n{p+1,2 }

ST (S(an)) = K(ba)[I? + [ K+ Te(K (ba)) — S(an)|?]
Step 3: Compute

dn =V (Vf(an) = mS*Je(S(an) — K(bn))),
(34) €n = v.g*(v.g(bn) - 'YnK*JE(K(bn) - S(an)))7

Step 4: Compute

N N
(35) h,=Vf* (Z 517in(T;‘I’:?dn)>  Zn = Vg* (Z I827ng(TI%’:?6n)> ;
i=1 i=1

Step 5: Compute

U, = PLV V(W) + (1= N\)VF(h)),
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Step 6: Choose w; ,,

(3.7)
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€ Ti(un), lin € Gi(vy,), and Compute

Tn+1 = Vf (ao nvf Zaz nvf Ww; n))
=1
N

Ynt1 = VQ*(O‘OJLVQ(ZH)“‘Zai,nv.‘](li,n))-
1=1

Set n :=n + 1 and go to Step 0.

Lemma 3.1. Suppose that the assumptions (A1)- (A10) hold. Then the sequences {z,, } and {yn }
generated by Algorithm 3.1 are bounded.

Proof. Let (p,q) € 2.

Df(p, un)

(3.8
Now, from (3.7),

From (3.6), Lemma 2.6, Lemma 2.2 and Lemma 2.3, we get that
= Dy(p, PEV MV (w) + (1= M)V £ (hn))

< )\an(pa w) + (1 - An)Df(pv hn)
N
= ADs(p,w) + (1= A\)Dys(p, V(Y BV (TH dn)))
N i=1
1;1
< ADs(pw) + (1= X)) Y BriDs(p, dn)
i=1

(3.8), Lemma 2.2, Lemma 2.3 and 2.6, and the quasi-Bregman nonex-

pansiveness of T;, we have

Dy (P, Tny1)

= Ds(p, VI * (@ Vf(h Jrzaznvf Win)))

=1

N
< a0 Dy(p,hn) + Y @in Dy (p,win)
=1
N
< aO7TLDf (p7 vf*(z ﬂlfivf(T[J;:?dn + Z (7% n 1p7 T; un)
=1
N N
S aO,n Z Bl,in(pa T{[’:‘:Ldn) + Z ai,an(pa un)
i=1 =1
N N
S aO,nZﬁl,inQ)a dn) + Zai,an(p7 un)
=1 =1
< ap an(p7 Zaz 'ILDf(p7uYL)

=1
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N

N
a0nDy(p,dn) + An > i Dy(p,w) + (1= A0) Y inDy(p, dn)

i=1
aO,an(pa dn) + /\n(l - aO,n)Df(pv ’LU) + (1 - )‘n)(l - aO,n)Df(pv dn)
A Dy (p,w) + (1 =A%) D (p, dn),

IN

(3.9)

IN

where N, := A\, (1 — ag p).
Furthermore, from (2.1) and (2.2), we obtain

Dy(p,dn) = Dy(p, VT (Vf(an) = S Je(S(an) — K(bn))))
= Vi, V(an) = mS" Je(S(an) — K(bn)))

Vi(p, Vf(an)) = (dn —p, S Jp(S(an) — K(bn)))

Di(p;an) = vn (S(dn) = S(p), Je(S(an) = K(bn))) -

IN

(3.10)
From (1.4), we have
(311) Df(p, an) = Df(p7 xn) - Df(anvxn> + <p — Qnp, vf(ajn) - vf(an)> .

Now, from (3.1), (3.2) and Lemma 2.1 we obtain that

IN

IVf(zn) = V(an)llllp — anll
onllVf(2n) = Vf(@n1)llllp — anll

IV (@a) = V@) [IIp = anl* +1]
onl|Vf(xn) = V(a1 [Hp - xn”Q + [|n — anHﬂ
+ 2V f (@) = Vi (n-)]

2Xn 2x Xn_
—D (p,a?n + D (anvxn) + =
D ) . D 5

(p—an, Vf(rn) — Vf(an))

IA

IN

(3.12)

IN

Combining (3.9), (3.10), (3.11) and (3.12), we obtain that

2x
Dypaain) < MDs(pw) + (=) (14 22) Do)

(=) (1 _ 2’;”) D (an, )

(3.13) —(1= A7 (S(dn) = S(p), Ju(S(an) = K (ba))) + - (1= AL).
Similarly, we have

* * 2xn
Dg(QaynJrl) < )‘an(Qau) + (1 - )‘n) <1 + /‘) DQ(Q7yn)

~-0 (1= 22 Dy 00,0)

(3.14) —(1= X3 (K (en) = K (@), Tp(K (bn) = S(an))) + 54 (1= X;):
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Then, from (3.13) and (3.14), we obtain

Dy(p,xng1) + Dg(q,yns1) < A, [Dy(p,w) + Dy( ]

w) + Dy(q,u)
+(1=A%) <1+2X”> [Dy(p, zn) + Dy(q, yn)]
(

—(1=X)(1- 2X”> [Df(an, zn) + Dg(bn, yn)]
(1= ) (S(d) — S T (S an) — K(B))
(1= A (K ( ) — K(p), (K (by) — S(an))
+Xn(1_>‘;2)
Dy (pw) + Dylg,u)]

1) (1 Zji) Dy (prza) + Dy(g,90)
- (1 2/’j") (D (. 22) + Dy (br )]
(1= A (K (en) — S(dn), Tp(K (5) — S(an))

(3.15) +xn (1= A7)

Next, we show that

—(K(en) = S(dn), JE(K(bn) — S(an))) = —(K(bn) — S(an), Je(K(bn) — S(an)))
—(K(en) = K(bn), Je(K(bn) — S(an)))
—(5(an) = S(dn), Jo(K(bn) — S(an)))
= —[|K(bn) — S(an)l?
—{en = by, K" Jp(K (bn) — S(an)))

—(an — dp, " Jp(K (by) — S(an)))

—[ K (bn) = S(an)|?

(3.16) Fllen = bl | K* T (K (byn) — S(an))|l
+llan = dull[|S* TE(K (b)) — S(an))]-

IN

From the fact that Vg* is a Lipschitz mapping with constant i and the definition of e,,
we obtain that

llen = bnl| IVg* (Vg(bn) = K" T (K (bn) = S(an))) — bull

(3.17) L—"HK*JE(K(bn) — S(an)]-

IN

Similarly, by the Lipschitz property of V f* and the definition of d,, gives

(3.18) ldn — anl| < %HS*JE(smn) — K (b))l
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Then, from (3.16), (3.17) and (3.18), we get
—n (K (en) — S(dn), Je(K(bn) — S(an))) ~ Yl (bn) — S(an)?

+ﬁ|\K*J K(bn) — S ?
. (K (bn) = S(an))|

IN

+ﬁ|\S*J S(an) — K (by))|?
. B(S(an) — K(bn))ll

0l K (ba) = S(a)
+ 2K (en) = S(dn)I

IN

(3.19) = K () = S(an)l”
Take € € (0, £). Then, from (A9), there exists N € N such that

2Xn
(3.20) ZXn - Na(1 = b)e < Ate,¥n > N.
I

Thus, from (A8), (3.15), (3.19) and (3.20), we obtain for all n > N
Dy(p,2n+1) + Dg(q,yn+1) < A, [Dy(p,w) + Dy(q, u)]
+(1 =A%) (14 A%e) [Dy(p, wn) + Dy(g, yn)]
—(1 =A%) (1 = A%e) [Dp(an, zn) + Dg(bn, yn)]
—(1 =X (K (en) — S(dn), Je(K(bn) — S(an)))
+EA =)
An [Dy(p,w) + Dy(q, u)]
+/\Z€(Df(p, Tp) + Dg(Qa Yn))
— (1= ADIK (ba) = S(an)[? + Nel
A (Dg(p,w) + Dg(q,u))
+(1 = X3 (1 = (D (p,20) + Dyla: ya)) + Nl
(1= A1 =€) (D (p,zn) + Dyg(q, wn))

+A5(1—¢€)

IA

IN

IN

(D (pyw) + Dy(g,u)) +

2(1—¢)

— €

(3.21) < max{Dy(p,xn) + Dy(q,wn), £},

(Df(pr) +D9(q7w)) +

1
where £ = T . Therefore, by induction, for alln > N,

— €
we have that

pe
2(1—¢)

Dy (p,xn) + Dy(q, yn) < max{Dg(p,xn) + Dg(q,yn), £},

and hence {D(p, z,,)+Dg4(q, y»)} is bounded which implies that the sequences { D (p, z,,) }
and {D,(q,y»)} are bounded. Furthermore, by Lemma 2.4, we have {z,,} and {y,} are
bounded. O

Theorem 3.1. Suppose that assumption (A1)- (A10) are satisfied. Then, the sequence {(z,yn)}
generated by Algorithm 3.1 converges strongly to (p, q) in 2, where (p,q) = Pg(w, u) and 1 :
Ey X Ey — Ris given by ¢(x,y) = f(z) + g(y).
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Proof. Let (p,q) = Pg (w,u). Then, from Algorithm 3.1, (3.6), (2.1), and (2.2), Lemma 2.2
and 2.3, we obtain that

Dy(p,un) = Df(p, PLVF AV f(w) + (1= M)V f (7))
< Dy(p, VI (AVf(w) +( M)V f(hn)))
< ( AVf() ( )Vf( n))
<Vf [A Vf( ) ( = M)V ()] =0, M [V (p) = Vf(w)])
= Vi(p, \nVf(p) + (1 = X))V f(hn))
— (VI AVf(w) + (1 = X))V (hn)] = p, A [V f(p) = V f(w)])
= Di(p, V"MV IP) + (1= X)V(hn)))
A (VI AV f(w) + (1= A)Vf(ha)] = p, V(p) = Vf(w))
—An <Vf* [/\an(U)) + (1 - )‘n)vf(hn)] - D Vf(p) - Vf(w»
N
= (1= X\)Ds(p, VI* Zf)’l V(T dn)))
A (VI AV f(w) + (1= A)V f(h)] = p, V(p) = Vf(w))
N
< (1=X) Y BuiDs(p, T dy)
=1
A (VI AV f(w) + (1= M)V f(ha)] = p, VI(p) = Vf(w))
N
S - )\n)Zﬁl,sz(I% dn)
A AV AV (w) + (1= A)V(ha)] =, V(p) — VI (w))
(3.22) < (1= X)Dg(p,dn)
A (VI AV f(w) + (1 = M)V f(h)] = p, V(p) = Vf(w)) .

Now, from the definition of V;, uniform convexity of f* with the modulus of convexity
¢ of f, the quasi-Bregman nonexpansiveness of T;, Lemma 2.2, (2.1), (2.2), (3.10), (3.11)
and (3.22), we get

Df(paxn-&-l) = Df(p,Vf (aOnvf +2041an wzn)))

=1

=V (p,OéO an +Zaz nvf Wj n))

i=1

N
< ag an(p, Vf Zaz nVy pvvf(wl n))
=1
=000 n @IV f(hn) = V f(win)ll)

N

N
a0nVi(p, > BLiV (T dn)) + Y ain Dy (p,win)
=1 i=1

—0n@in@([|Vf(hn) =V f(win)])

IA



Common Solutions of Split Equality Equilibrium and Fixed Point problems 305

N
ao.n Z B1,:Dy(p, T]J-}f”dn) - Bl,iﬂl,k¢(||vf(T{f::dn) - Vf(TIJ;:Zdn)”)

i=1

IN

N
+ " ainH(Tip, Tyg) = 00,00 n (| V f () = V f(win)])
i=1

N N
a0n Y BriDs(p,dn) —on Y 51,1‘Df(T1];’:’Z dp, d)

i=1 =1

—BriBrLed(IV F (T dn) = V F(Th "))

IN

N
+ Z ai,an(pa un) - aO,nai,7z¢(||Vf(hn) - Vf(wi,n)”)
i=1
N N
aO,an (p7 dn) + Z ai,an (Pa un) — Qo,n Z 51,2'Df (T]j-}lrzldna dn)

i=1 i=1

IA

—BLiBrad IV f(Th 7 dn) =V F(Th d))

—0n@in®([|[Vf(hn) =V f(win)l)
N

= aO,an(p7 dn) + (1 - aO,n)Df(pa un) — Qo Z Bl,in(T[f[i?dna dn)

i=1
—BriBurd(|V F (T dn) = V(T dn)])

i

—0,n @i nd([|V f(un) = Vi (win)l)
N

Oéo,an(Z% dn) + (1 - aO,n)(l - )\H)Df(pa dn) — Qon Z 51,in(T1f{’::/dna dn)

1=1
—BriBLrd(IVF (T dn) = V F(Thd)])
—0nin®(|[V f (un) = V f(win)])

IN

N
= [1 - (1 - aO,n))\n]Df(pa dn) — 0o, Z ﬁl,in(T£7:?dna dn)

=1
~(1= a0 ) (VL PV (w) + (1= AV f ()] = p, VF(p) = V f(w))
—BLiBLrd IV (Thm dn) = VF(Th dn))
~00,nin (|| V F(n) = V f (win)|))-

Then, from (3.10), (3.11), (3.12), (3.20), (3.23) and by setting A = (1 — ag,»)\n, we obtain
that forn > N

N
Di(p,ans1) < [1=XIDf(p,dn) = com D BriDs(TH " dn,dy)

=1
XAV V() + (1= A)V (b)) = p, V(D) = Vf(w))
—BriBLkd(IVF(Th 7 dy) = V (T d)|)
—0,n @IV f () = V f(win)])
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(3.23)
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N
[1 - /\:L]Df(pa an) — Qon Zﬁl,in<T]];:?dn7 dn)

— L = N3] (S(dn) = S(p). JE, (S(an) — K (bn)))

— X5 (VF AV F(w) + (1= )V ()] = p, V£(p) = V F(w))
—BuiBLrd(IV f (T dy) = V(T dn)])
—00,n i nd([|V f (un) = V F(w; n)])

[1 - /\Z]Df(n xn) - [1 - /\:L]Df(anvxn)

+[1 = NJp = an, Vf(zn) = Vf(an))
N

—aon Y BraDp(Th ", dn)

oyl = N1 (S(dn) — S(p). T, (S(an) — K (b))

N AV AV (w) + (1= A)VF(Ba)] = p, V£ (p) — V f(w))
—BuiBrad |V (T d) = V F(Th 7 dy) )
_aO,nai,nd)(va(un) - vf(wl,n)H)

[1 = A31D¢(p, @n) — [1 = A2]Dg(an, ) + [1 - m%wp, )

2 n * n
= NJZ D lans ) + 1= X0

N
—aon Y BraDp(Th " dn, dy)

_'Yn[l - )\Z] <S(dn) - S(p), JE, (S(an) — K(bn))>
=M VAV (w) + (1 = A)Vf(ha)] = p, Vf(p) = V f(w))
—BuiBLrd(IV (T dy) = V(T do)])
=00, n (| V f(un) =V f(win)l)
[1 - /\Z]Df(n xn) - [1 - /\:L]Df(anvxn) + )\ZGDf(p, -Tn)
N
AL eD (an, 20) + %” —aon Y BriDp (T dy, dy)
=1
—Tn[l = N1 (S(dn) — S(p), JE, (S(an) — K(bn)))
=M AV AV f(w) + (1 = X))V f(ha)] = p, Vf(p) = V f(w))
—BuiBurd(IV f (T dy) = V(T dn)])
_QO,naim(b(va(un) - vf(wzn)H)
(1= A1 =)]Ds(p,zn) — [1 = AL (L = €)]Dg(an, zn)

N
+% — Qo Zl ﬂl,in(ng::’dn, dy)
1=

—all = N1 (S(dn) = S), i, (San) — K (b))
XL (O — p, V(D) — V f(w))
BBV (T d) = VT o))
000w IV (1) = V f(wi)]),



Common Solutions of Split Equality Equilibrium and Fixed Point problems 307
where ©,, = Vf*[A\,Vf(w) + (1 — A\,)V f(hy)]. Similarly, we have

424) Dy(aynn) < [1=Xo(1 =Dy ) ~ (1= A1 = Dy (bas ) + '

N
—Qon Z ﬂZ,iDg (Tgr’;? €n, en)
i=1

—Yn[l = An] (K (en) — K(q), Jp, (K (bn) — S(an)))
—An (@ = q,Vg(q) — Vg(u))
BBk (IVg(Th;, " en) — V(T en)ll)
=0, i1 (IVg(vn) — Va(lin)ll),
where @, = Vg* [\, Vg(u)+(1—A\,)Vg(z,)] and 1 is the modulus of convexity of g. Then,
by combining (??) and (3.24), we obtain
Dy(p,znt1) + Dg(@ynt1) < (1= AL (1 =€) [Dy(p, 2n) + Dy(q; yn)]
—(1 = X(1 = €)[Dg(an, xn) + Dg(bn, yn)] + xn

N

—a0n Y BriD (T dn, dn)
=1
N

—Qo.n Z BQJ‘D‘)" (Tg”;j €n, en)

—Yn (1 =A%) (S(dn) = S(p), JE, (S(an) — K (bn)))
=Y (1 =A%) (K (en) — K(q), T, (K (by) — S(an)))
—AL (O —p, Vf(p) = Vf(w))

—An (®n —q,Vg(q) — Vg(u))
—BriBLrd(IVF (T dn) =V F(TE ™ dn)|)
—BriB 0 (IVg(TF, en) — Va(Tiy, en)ll)
=00 n@([|V f(un) = Vf(win)|)
—0,n% 0 ([[Vg(vn) — Vg(lin)l)

(1 =X, (1 =)Dy (P, x0) + Dy(a,yn)] + Xn

—(1 = A (1 = €)[Dy(an; Tn) + Dg(bn, yn)]

IN

N
—Qo,n Z Bl,in (T]{IT? dn, dn)
=1

N
—Qo,n Z ﬁQ,iDg (T[!z[’;? €n, en)
i=1

(1 =A%) (K (en) — S(dn), JE, (K (bn) — S(an)))
Ay (0 =, Vf(p) = Vf(w))

A0 (@ —q,Vg(q) — Vg(u))
—BriBLrd(IV f(Th 7 dn) = VF(TE " dn))
BBt (IVg(TE, en) — Va(Ti, en)ll)

— 00,00 nd([|V f(un) = Vf(win)|)
—a0,n0i,n ¥ (|| Vg(vn) — Vg(lin)ll)
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(3.25) < (=20 =e)[Dys(p,zn) + Dy(q, yn)] + Xn
—(1=A,(1 =€) [Dg(an, xs) + Dg(bn, yn)]

N N
—Oéo,n[z B, Dy (Tf;f dn,dy) + Z B2,:Dy (Tf]; €n,€n)]
i=1 i=1

—(1 = A S (ba) = S(an)|?

A (0 —p, Vf(p) = V(w)) + (Pr — ¢, Vg(q) — Vg(u))]
—BuiBrad |V f (T dp) = V f(Th 7 dy) )
—B1,iB1 (| Vg(THy" d) — V(T3 dy) )
011V f () = V f (win)ll) + (| Vg(0n) = Vg(lin) )]
(1= X5(1 = D4 (p,20) + Dy(a, )] + X

=[O0 =, Vf(p) = VI(w)) +(®n — ¢, Vg(q) — Vg(u))]
(3.26) < (1= 51 =)Dy (P, 20) + Dy(a,9)] + xn

X = (O, p, V() ~ V()

IN

1
+X (1 —

(®n — ¢, Vg(u) — Vg(q)) -

By setting ¢, ;== A5 (1 —€) = A\(1 —aopn)(1 —€), 7 := D¢(p,2n) + Dy(q, yn),

6 = (O = p. VI = VI + (@, 0. Vo(w) ~ Vola) + 1]
and (3.26), we have
(3.27) T+l < (1= Cu)Tn + Cnén.
Now, suppose that a subsequence {7, } of a sequence {7, } such that
(3.28) lim inf (T, 41— 7y ) > 0.
From (3.25), (3.28) and the fact that {\,,} C (0,1), p <, 0 < a < p, S1,0, P10 < b < 1,
1=0,1,2,...,N,foralln > 0and A, — 0 as n — oo, we obtain
(3.29) Dy(an,,xn,) = 0,Dg(bp,, Yn,) — 0as k — oo,
(3.30) Dy(Tf " dpydy) = 0, Dg(TH " en, ) — 0 as k — oo,
B3D) oIV f(un,) = Vf(win ) = 0,4([Vg(vn,) = Vg(lin,)|) = 0as k — oo
(3:32) IV Ty ) =V F(T  d, ) ) = Oas k= oo,
(3.39) VITGTH en) = V(T en, ) = Das k= o0
and
(3.34) 1S(an, ) — K (bn,)|| — 0 as k — oo.

Since A\, = 0as n — o0, {Df(hy,,w)} is bounded and by Lemma 2.2 and 2.3, we have

Df(h'nkaunk) - Df(hﬂkapg'@nk) S Df(hnka enk)
Df(hnkavf* [)‘nkvf<w) + (1 - )‘nk)vf(hnk)])
A Dy (B, w) + (1= Ay ) D (B s Biny ) = Ay D (B w) — 0 as k — o0,

(3.35)

IN
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and similarly, we obtain
(3.36) Dy(2nyVny,), Dg(2ny, @) = 0as k — oco.

Then, from (3.17), (3.18), (3.29-3.36), the property of S, K, Jg,, ¢ and % and Lemma 2.5,
we obtain that

(3.37) |Tn, — anyll = 0, ||Yn, — bn, || = 0ask — oo

(3.38) ITH " dyy — dil = 0, | T8 " €n — enl — 0as k — oo,
firn firn

(3.39) IV (g dny) = V(T3 " d, )| — 0 a5 k — oo,

(3.40) IV9(Te, " eny) = Va(Ta, " eny)|| = O as k — oo,

(B4D) [V F(un,) = VI (win)| = 0,1Vg(vn,) = Vgllim, )| — 0 as k = oc,
1 =ty | = 0, [y, — O, | 0,

(3.42) |zn, — vnll = 0, |20, — @n, || = 0ask —
and
(3.43) llen, — bn,ll = 0, ||dn, — an, || = 0as k — oco.

Then, from (3.5), (3.39), (3.40) and 0 < a < B4, 02,; < b < 1,Vi, we have

N
BAAI f (h,) = VF (T du )| <03 VAT ) = VF(TE ™ )| = 0,
=1

N
(3:45) IV g(2n,) — Vg(Try, “en ) <0y IV9(Th, " en) = Va(Tr, e )l = 0,
i=1

as kK — oo. And also, from (3.41), (3.42) and the uniformly continuity of V f and Vg, we
have

IVf(@npy) = V)l < o, [V (hn) = Vi (un,)l
N
+ Z Qi,ny, ”Vf(wl,nk) - vf(unk)H
i=1
N
(3.46) < bV () = VI @)l 40D IV F(win,) = Vf ()| = 0.
=1

as k — oo and similarly
(3.47) IV9(Yniyr) = Vg(on, )| = 0as k — oo
From (3.39-3.41), (3.44-3.47) and the uniformly continuity of V f* and Vg*, we have

f7 n f? n I »In
(348) Ty, " dpy, — Tiy, " duy | = 0, Ty, " €n, = Tpi, " eny | = O as k — oo,

(3.49) ltun, — Winell = 0, |vn, — lin]l = 0ask — oo,
(3.50) W = Toy * d || = 0, |20, — Toyr " en | = 0 as k = oo,
(3.51) | Znprs = Uny || = 0, [[Ynpyy — Uny |l = 0as k — oo

From (3.37), (3.38), (3.43), (3.46), (3.47), (3.50) and (3.51), we get
Jirn
[Znir = 2nill < Enggy = wnll + llung = hng [l + ny = T, 7 dong |

firn
(3.52) T = dy |+ Ny, = @y | + [, = 2o || — Oas k — o0
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and similarly we obtain
(3.53) 1Ynisr — Ynill = 0@s k — oo
Then, by (3.51),(3.52) and (3.53), we obtain

(354) ||‘rnk = Un,, ” < ||'Tnk - mnk+1 ” + ||‘rnk+1 — Uny H —0ask — o0
and
(355) ||ynk — Uny H S ||ynk - y7lk+1 ” + ||ynk+1 — Uny, ” —0ask — o0

Now, since (0, , ®,, ) is bounded and E; x Es is reflexive, there exists (©,®) € C' x D
and a subsequence {(@nkj y P )} of {(O,,, Pn, )} such that (Gnkj , <I>nkj) — (6,9) and

(3.56) liirisup<(9nk @) = (0,9), (Vf(z), Vg(w)) — (Vf(p),Ve(q)))
= Jlgr&<(@nk] s (I)nk7) - (pv Q), (Vf(.’ﬂ), Vg(’LU)) - (Vf(p), Vg(q)))

But (@nkj,énkj) — (O, ®) implies that On,, — O and &y, — @ Furthermore, from
(3.37), (3.42), (3.43), (3.48), (3.49) and (3.50) we have '

forn .
(3.57) By, = O, tn, = 0, Ty " dy, = ©,wip, — O as j — oo,
(3.58) Ty, — @,ankj — &dnkj —Oasj— oo,
(3.59) T, = B = Ty ey = @i, — Pasj— oo,

(360) ynkj — ¢7b"1k7. — (p, enkj - q) asj — O0.

Now, We show that (0, ®) € Q. Seth;, = Té’:ék dnkj and z;, = Ti{rﬁ"‘ Eny, - Then,
j N J j 2,1

k

Hy il s9) + — (y = W VI (B, ) = Vf(du,,)) = 0,¥y € C

nk].

and

H277;(Z:ij ,2) + <z —z* Vg(z;;kj) — Vg(enkj )> >0,Vze D.

NE,;?
Ty, J

Thus, by Condition (A2), we have

Hia(y ) < —Hialhh o)+ — (y— b, VF0, ) =V (dny,) )
nkj

IV £(hs, )~ V (da, )

Tn

IN

*
Iy = i, |
kj

IV £ (3, )~ Vf ()
1

T'n

(3.61)

)
kj

where = max su —h* and similarl
Qi = max suply—hn, | y

. IVg(z5,,) = Valen, )
(362) HQ’Z‘(Z, an ) ) S QQ 5
i 'r'nkj

where Q2 = max sup||z — 2, ||. From the facts that 2, — © and z;;, — ®, Condition
1<i<N k>0 i j j

A (A4), 7, > ¥, foralln > 0 and taking limits on both sides of the inequality (3.61) and
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(3.62) as k — 0o, we obtain that

(3.63) Hy(y,0) <0,y € C,Vi
(364) HQJ(Z,@) S O,VZ S D,VZ

Set©y =Xy +(1—A)Oand &y = Az + (1 — NP, X\ € (0,1] and y € C. Consequently, we
get © € C. From (3.63), (3.64) and Condition A (A1), we obtain

(3.65) 0 = Hp:(0x,0)) <AH1,(©xy)+ (1 —A)H,4(0,,0)

< Hii(®+ MO —vy),y)
and similarly
(3.66) 0 < Hyi(®+ MNP —2),2)
If A | 0, using Condition A (A3) we have Hy;(0,y) > 0,Vy € C and Hy;(®,2) > 0,Vz €
D. Hence, © € GMEP(H,;) and ® € GMEP(H,,;), foreachi = 1,2,...... ,N. Next,
we show that © € F(T1,;) and ® € F(T3;), foreachi =1,2,...... ,N. Since Un,,, — O,

Wiy, — e, Uny,, — o, li,nkj — ® as j — oo, we have
d(unkj ) Tl,i(unkj )) < ||unh_7 - wiy"kj H —0asj — oo,

d(vnkj7T27i(,Unkj)) < ||vnkj - liynk]' ” —0 asj — 0

and by the demiclosedness of I — T} ;, t = 1,2 at zero, we get © € F(T1,;) and ® €
N

F(Ty;), for each i = 1,2,...... ,N. Then, © € (|[GMEP(Hy;) N F(T1;)] and ® €

i=1
N
ﬂ [GMEP(H, ;)N F(T3,)]. Finally, we show that S(6©) = K(®). Now, from (3.34), (3.58),

(3.60) and the fact that .S and K are bounded linear mappings we have S© = K® and
hence (©, @) € Q. Then by (3.56)and Lemma 2.3, we obtain

(3.67) lilgisup«@nk, Py, ) = (p,9), (V£(), Vg(w)) = (VF(p), Vg(q)))
= fim {(®n,, ®ny,) = (p,), (V£ (2), Vg(w)) = (V£(), Vo(a))

= lim (O, —p, Vf(2) = VI(p)) + lim (Bn,; — ¢, Vg(w) = Vg(a))

=((0,?) - (p,q), (Vf(z),Vg(w)) — (Vf(p),Vg(q)) <O0.

and so

(3.68) limsupé,, <0.

k—o0

Thus, from (3.27), (3.28), (3.68), Lemma 2.8 and using fact that ch = 00, we con-

n=1
clude that lim 7, = lim [Dy(p,x,) + Dy(q,yn)] = 0 and then lim D;(p,z,) = 0 and
n—oo n—oo n—oo
li_>m Dy(q,yn) = 0. Thus, by Lemma 2.5 we obtain lim,, .z, = p and lim, ooy, =
g. Therefore, the sequence {(z,,y,)} generated by Algorithm 3.1 converges strongly to
(p,q) = P&(w,u) and this completes the proof. O

If, in Theorem 3.1, we assume that 7; and G;, i = 1,2,..., N, are single valued quasi-
Bregman nonexpansive mappings such that I — 7; and I — G; are demiclosed at zero,
respectively, then we obtain the following theorem.
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Theorem 3.2. Suppose that assumption (A1), (A2) and (A4)- (A10) are satisfied. If T; : C' — C
and G, : D — D, i = 1,2,...,N, are single valued quasi-Bregman nonexpansive mappings
such that I — T; and I — G, are demiclosed at zero, respectively, then the sequence {(x,, yn)}
generated by Algorithm 3.1 converges strongly to (p,q) in Q, where (p,q) = Pg (w, u), where
Y By x Ey — Ris given by (z,y) = f(x) + g(y).

Let E;, i = 1,2,3 be strictly convex and smooth Banach spaces with their respective,
duals Ef, i = 1,2,3. If g(z) = f(z) = 3|z||>, then Vf = Vg = J, Vf* = Vg* = J 7},
P} = Tlg = PY and the quasi-Bregman nonexpansive mappings 7; and G; reduce to
quasi-¥-nonexpansive mappings. Thus, we obtain the following theorem.

Theorem 3.3. Let E;, i = 1,2,3 be strictly convex and smooth reflexive real Banach spaces
with their respective, duals EY, i = 1,2,3 and let T; : C — CB(C) and G; : D — CB(D),
i=1,2,..., N be quasi-V-nonexpansive mappings with T;(p) = {p},Vp € F( i) and Gi(p) =
{p},Vp € F(G;) such that I -T; and I—G,; are demiclosed at zero, respectively. If the assumptions
(A4)- (A6) and (A8)-(A10) are satisfied and Q@ = {(p,q) € [ﬂ;vzl(GMEP(HLj) N F(T;))] x
[ﬂ;v:l(GMEP(HQJ-) NF(G,))] : S(p) = K(q)} # 0, then the sequence {(z,,,yn)} generated
by Algorithm 3.1 with Vf = J = Vg, Vf* = J~' = Vg* and P} = 1lg = P converges
strongly to (p, q) in Q, where (p, q) = Ha(w, u).

4. APPLICATION

4.1. The Split Equality of Monotone Inclusion and Generalized Mixed Equilibrium
Problems.

Definition 4.1. The Split Equality of Monotone Inclusion and Generalized Mixed Equilibrium
Problems is defined as finding a point (p, q) € Eq1 x Es such that S(p) = K(q) and

'DZ

N
“1) (p.q ﬂ GMEP(H: ;)N (A+A4;) " (0)]x[( ) (GMEP(Hz,;)N(B;+B;)~'(0))],

j=1

where A; : By — 2F1 and B; : By — 272 are maximal monotone mappings, 2, : Ey — Ef and
B; : By — E3 are monotone mappings and S : By — Esand K : Ey — Eg are bounded linear
mappings with adjoints S* : E5 — E} and K* : E5 — E3 , respectively. Denote I' = {(p, q) €
(M2 (GMEP(H, )0 (54 A7) 7 (0)] % [, (GM EP(Ha,) N (B;+85;) 7 (0)] : S(p) =
K(q)}-

Let A: E — 2 and 9 : E — E* be mappings. Then the resolvent associated
with A and A for any A > 0 is the mapping Ji' : E — E defined by Ji!(z) = (Vf +
M)~V f(z),Vz € E, where f : E — (—o0, +00] is Gateaux differentiable convex func-
tion. We note that if A : E — 27" and A : E — E* are maximal monotone and monotone
mappings, respectively, then a mapping Tm = JHVf — M) is single valued quasi-
Bregman nonexpansive mapping and F (T} a) = (A + A)71(0) (See, for example, [21] ).
The following theorem approximates the solution of split equality of monotone inclusion
and generalized mixed equilibrium problem given in (4.1).

Theorem 4.1. Assume that conditz’ons (A1),(A2), (A4)-(A6) and (A8)-(A10) are satisfied and
F#0.IfT; = TQ[ wa, and Gj =Ty ., then the sequence {(xn,yn)} generated by Algorithm
3.1 converges strongly to (p, ) in A, where (p,q) = Pl (w,u).
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4.2. The Split Equality of Multi-Objective Constrained Optimization Problem. Letp; ; :
C — R be convex smooth functions and ¢; ; : D — R be convex, lower semicontinuous
functions, i = 1,2,j = 1,2,..., N. We consider the following minimization problem: Find
(p,q) € C x D such that

(p,q) solves ~ min (p1j +@1)(®@) + (p2; +a2,5)(y),j =1,2,....N

(z,y)eC'xD
N
(4.2) st. (2,y) € [|GMEP(H, ;) x GMEP(Hy ;);
j=1
Sz = Ky,

where S : Ey — Ezand K : E; — E3 are bounded linear mappings. Denote A = {(z,v) €
C x D : (z,v) solve 4.2}. By Fermat's rule, the above minimization problem is equivalent
to the problem of finding (p,q) € C x D such that S(p) = K(¢) and

(4.3)

() €1 (GMEP(Hz,;)N(Vp2,j+042,7) " (0))],

'DZ

(GMEP(Hy ;)N (Vp1,;+0q1;) " (0))]x]

Dz

1

J

where Vp; ; are gradient of f; ; and Jg; ; are subdifferential of ¢; ;, i = 1,2, =1,2,..., N.
Note that Vp; ; and J¢; ; are monotone and maximal monotone mappings, respectively.

Corollary 4.1. Let p; ; : E; — R be convex smooth functions and ¢; ; : E; — R be convex,

lower semicontinuous functions, i = 1,2, j = 1,2,..., N. Assume that conditions (A1),(A2),
(A4)-(A6) and (A8)-(A10) are satisfied. If A # O and T; = Tépl t+oq,, md G = Tsz gz

then the sequence {(x,,,w, )} generated by Algorithm 3.1 converges strongly to (p, q) in A, where
(p,q) = Ph(w,u), where h = f1 + fo.

4.3. The Multiple-Sets Split Equality Feasibility Problems. Given nonempty, closed
and convex sets C; and @, j = 1,2,..., N, in £ and Ej, respectively. The multiple-
sets split equality feasibility problems is defined as to find p and ¢ for which

N N
(4.4) pe () Cjandqe () Q, such that Sp = Kq,
j=1 j=1
where S : Ey — E3and K : E; — Ej5 are bounded linear mappings. Denote T = {(u, v) €
Ey x Ey : (2,v) solve 4.4}. Recall that the indicator functions ic, and ig, of C; and Q;

given by
) 0 ifzeC; . 0 ifzxeqQ,
ic; () {oo ife ¢ C; and iq, () {oo ifedé¢Q; ’

respectively. It is known that i¢; and ig, are proper convex, lower semicontinuous and
convex functions with its subdlfferentlal Jic; and 8ZQ are maximal monotones.

In fact, we set T)j(z) := J % (z) and G;(y) = J i (y) are quasi-Bregman nonexpan-
sive mapping, F(T;) = C; and F(G,) =Qjand Hm =0,i=1,2j=1,2,...,N. Sowe
obtain the following result.

Corollary 4.2. Assume that conditions (A1),(A2), (A6) and (A8)-(A10) are satisfied. If T # 0,
dic.

T;:=J, 7,G;:=J, Dia; amd H; ; =0,i=1,2,j=1,2,..., N, then the sequence {(x,,, wr)}
genemted by Algorzthm 3.1 converges strongly to (p, ) in T where (p,q) = P (w,u), where
h=fi+ fo
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5. NUMERICAL EXAMPLES

Let C = [0,1] and D = [—1,0] be nonempty, closed and convex subsets of E; = R
with Euclidean norm, where i = 1,2, respectively and £ = R. Let f : E; — R and
g : E; — Rbe defined by f(z) = 3||z[|?,Va € E; and g(y) = 1||yl|?,Vy € E,, respectively.
Then f and g are strongly coercive, lower semi-continuous, strongly convex, bounded and
uniformly Fréchet differentiable Legendre functions on bounded subsets with strongly
convex conjugates f* and g*, respectively. Define T, : C — CB(C), k = 1,2,...,N by
Ti(z) = [0, 3zz] ,forallz € Cand Gy : D — CB(D), k =1,2,..., Nby Gy(y) = [57,0],
for all y € D. In this particular case, F'(T;) = {0} and F(Gy) = {0}, for k = 1,2,..., N.
Then for each = € C, we have d(0, T;z) = 0. Therefore,

sup d(a,Tpz) < 10 — 2||> < Dy(0,z).

a€Ty0 47432

It follows from a similar argument that

1
sup d(b, Typ) < —5 10 — 2> < D#(0, ).
beTrx 4k

Therefore, for every p € Fiz(T}) and for every = € C we have
H(T,0, Tx) < Dy(0, ),

so that T} is a quasi-Bregman nonexpansive mapping. Let {z,} be a sequence in C
such that z,, — =z and d(z,,Tyz,) — 0, where d(z,, Tkx,) = infyer,a, Df(xn,y) =
infyer, 2, |Tn — y||?. Thus, we that

d n7T n) = f D nY) = inf n 2
(@ Tea) = ipf Do) = ik [y =l
1 9 (2/€—1)2 9

Since d(z,, Txx,) — 0, we have z,, — 0. So that x = 0; and hence = € Tjz. Therefore,
I — T}, is demiclosed at zero. Similar arguments lead us to the conclusion that for each
k=1,2,---,N, G} is a quasi-Bregman nonexpansive and I — G}, is demiclosed at zero.
We define Fi; : C x C — Rand Fp; : D x D — Rby Fy(x,y) = 5252 (y— ),
Vr,y € C and Fy;(u,v) = 5Z}Hu(v— u), Yu,v € D, respectively, By, : C — Ef and

Bs;: D — E3 by By i(x) = g=5=,Vz € C and By ;(u) = u,Vu € D respectively, and

4Z+ 5z+1
v1,,:C > Rand p2; : D = Rby ¢1(x) =2i+3,Ve € Cand ¢y ,;(u) =5 —1,Yu € D,
respectively,i = 1,2,...,N. Then B; ;, By ;, fori = 1,..., N are monotone mappings, and
Fi, Fy,, fori =1,..., N are bi-function satisfying Condition A. Thus, a common solu-

tion set of the generalized mixed equilibrium problems is ﬂfvzl GMEP(Fy1,;,¢14,B1) =
{0} = ﬂi\il GMEP(FQJ, 02,4, BQJ'). Thus, we get Q= {(p, q) S [ﬂ;v:I(GMEP(HL]) n
F(T))]x[Nj2, (GMEP(Hs,;)NF(G;))] : S(p) = K(g)} = {(0,0)}, where S(z) = —z,Vz €
C and K (u) = u,Vu € D are bounded linear mappings. With these mappings, Algorithm

3.1 reduces to Algorithm 5.1.
Algorithm 5.1

Initialization: Choose (w,u), (zo,%0), (z1,y1) € C x D, 0 < o, p. Define the algorithm as
follows:
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Step 0: Compute

(5.1) 5, = min { Iw‘n7I'7L71|>S:|yn7ynflI ) U} if vp # T 1&Yn # Yn—1
o otherwise ,

Step 1: Choose:

Oy =0y — n+1|0_0”|

Step 2: Compute
an = Tp+ Un(xn - xnfl)y
(52) b, = Yn + Un(yn - yn—l)'
Step 3: Compute
. plan, + bn|2
53 n — 1, )
©3) P mm{”* 3 — b2 + 2lan + bn]?
Step 4: Choose:
n
Vn = Pn = gl =l

Step 5: Compute

dn = an — ’Yn(an + bn)a
(54) en = by — ’Yn(bn + an)a

Step 6: Compute

N . .
82+ 107 + 3
hn = 5 - dnv
;BL 8i% + (67, + 10)i + 3(rp + 1)

N . ;

15i% +13i + 2
55 n = Ty ;
(5.5) z ;52, 152 + (117”” + 13)1 + (57“n + 2)

env

Step 7: Compute

" - min{—A,w — (1 = Ap)hp, =1 4+ Apw + (1 — Ap)hp Hif Mpw + (1 — M) by € [0,1]
" AN+ (1 — A\p)hy, otherwise

) min{—1 = Xpu — (1 = Ap)zn, Apu 4 (1 = An)zn } if Apu+ (1 = Xp) 2z ¢ [—1,0]
" A+ (1 = A\p)zp, otherwise

Step 8: Choose:

1

5.6 in = T35 v |Un
(5.6) m, 21(n2+1)|u |

1
5.7 lin = —s7——=lvn
®7) ' 3i(n? +1) [vn]
Step 9:Compute

N

Tp+1 = aO,nhn + Z (TR UTRT

i=1

N
(58) Yn+1 = Qp,nin + Z ai,nli,n~
i=1
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Setn :=n + 1 and go to Step 0.

We have the following values for 200 iterations corresponding to the initialization pa-

rameters chosen below:

pw=1u=-08 w=0.>5 29 = O5y0—05:z:1—05y1——0750—025p—1
Nflo)\nfn,xn:Q,L,nlei% 5117— B2 foreachi=1,---N;a;, = +1
fori=0,1,---Nandn=1,2,--- ,r,=1forn=1,2,..

TABLE 1. Table of Numerical Results For Example

(xnryn)

Error(E,,)

N
0
1

N

10
20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180
190
200

(-0.5,0.5)
(0.5,-0.75)
(0.23818885, - 0.27781387)
(0.00031265, - 0.00018042)
(0.00003896, - 0.00002253)
(0.00001144, - 0.00000663)
(0.00000477, - 0.00000278)
(0.00000243, - 0.00000142)
(0.0000014, - 0.00000082)
(0.00000088, - 0.00000052)
(0.00000059, - 0.00000035)
(0.00000041, - 0.00000024)
(0.0000003, - 0.00000018)
(0.00000023, - 0.00000013)
(0.00000017, - 0.0000001)
(0.00000014, - 0.00000008)
(0.00000011, - 0.00000006)
(0.00000009, - 0.00000005)
(0.00000007, - 0.00000004)
(0.00000006, - 0.00000004)
(0.00000005, - 0.00000003)
(0.00000004, - 0.00000003)
(0.00000004, - 0.00000002)

0.707106781
0.901387819
0.365943267
0.000360973
4.50054 x 109
1.32223 x 1079°
5.52099 x 1096
2.81448 x 10796
1.62247 x 10796
1.02215 x 10796
6.86003 x 10797
4.75079 x 10797
3.49857 x 10797
2.64197 x 10797
1.97231 x 10797
1.61245 x 10797
1.253 x 10797
1.02956 x 10797
.06226 x 10708
7.2111 x 10798
5.83095 x 10798
0.00000005
4.47214 x 10798

Remark 5.1. From Table 1 and Figure 1 above, we observe that the inertial method for converges
to the solution of the split equality of the generalized mixed equilibrium and fixed point of multi-
valued quasi-Bregman nonexpansive mapping problem.

6. CONCLUSIONS

In this paper, we introduced and studied an inertial method for approximating the so-
lution of the split equality of the generalized mixed equilibrium and fixed point of multi-
valued quasi-Bregman nonexpansive mapping problems. We proved a strong conver-
gence theorem for the developed algorithm in reflexive real Banach spaces. In addition,
some applications of the proposed method to the split equality of monotone inclusion
and generalized mixed equilibrium problems, the split equality of multi-Objective con-
strained optimization problem, the multiple-sets split equality feasibility problems and
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FIGURE 1. Convergence of Algorithms 5.1. Number of iteration VS Error
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the multiple-sets split equality feasibility problems are provided. Moreover, A numerical
example is also provided to illustrate the behavior of the proposed algorithm. The results
obtained in this paper extend, unify and complement many of the results in the literature.
For instance, the results in this paper enhances and generalizes the works of Zegeye and
Shahzad [30], Shahzad and Zegeye [27], Alghamdia et al. [1], Nnakwe [20], in the sense
that the results in this paper are valid for the class of multi-valued quasi-Bregman non-
expansive mappings more general than quasi-¢-nonexpansive mappings in real reflexive
Banach spaces more general than 2-uniformly convex and uniformly smooth real Banach
spaces.
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