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A Weighted Monotone Iterative Approach to Periodic
Impulsive Fractional Evolution Equations

BELABBASSE KHALED!, MOHAMMED BENYOUB?, AND MAHAMMAD KHUDDUSH?*

ABSTRACT. This work is devoted to the study of periodic boundary value problems associated with impul-
sive Riemann-Liouville fractional evolution equations in ordered Banach spaces. Employing the framework of
lower and upper solutions together with a monotone iterative technique, we derive conditions for the existence
of minimal and maximal mild solutions inside a suitable ordered interval. The analysis relies on semigroup
methods, fractional calculus tools, and measure of noncompactness arguments. Furthermore, sufficient criteria
guaranteeing the convergence of the constructed iterative sequences as well as the uniqueness of solutions are
obtained. To support the theoretical developments, an illustrative example is included to show the effectiveness
and applicability of the proposed approach.

1. INTRODUCTION

Impulsive fractional differential equations play a significant role in the mathematical
modeling of systems involving memory effects and sudden state transitions. Such mod-
els arise naturally in various applied contexts, including biological processes, engineering
systems, and other phenomena characterized by abrupt transitions (see [5, 22]). In par-
ticular, fractional equations with impulses at fixed moments have been investigated in a
variety of settings, reflecting their relevance in modeling discontinuous dynamics such as
harvesting processes, disease control, and population evolution.

The study of nonlinear impulsive fractional differential equations constitutes an im-
portant and developing branch of fractional calculus, supported by both theoretical in-
terest and practical applications. These models provide a more accurate framework for
describing complex systems where classical integer-order equations are insufficient (see
[6]). Furthermore, the work of Heymans and Podlubny [24] established that initial condi-
tions formulated via Riemann-Liouville fractional operators admit meaningful physical
interpretations, particularly in viscoelasticity, thereby enhancing the applicability of such
models.

Periodic and antiperiodic boundary value problems for fractional differential equa-
tions have also received significant attention. Various analytical techniques, including
fixed point methods and approaches based on measures of noncompactness, have been
employed to investigate the existence of solutions in these problems (see [13, 14]).

Among the available techniques, the method of lower and upper solutions has proven
to be a powerful tool for establishing existence results in both initial and boundary value
problems (see [12]). When combined with suitable monotonicity assumptions, this ap-
proach leads to the monotone iterative technique, which generates sequences converging
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to extremal solutions within a prescribed order interval (see [10, 11]). This iterative frame-
work is particularly useful due to its constructive nature and its potential applicability in
numerical approximations.

Overall, the monotone iterative technique based on lower and upper solutions pro-
vides an effective and flexible approach for analyzing nonlinear fractional problems, yield-
ing monotone sequences that converge to minimal and maximal solutions under appro-
priate conditions (see [7, 10]).

In [10, 38], discussed the monotone iterative method for the for the following initial
value problem involving Riemann-Liouville fractional derivative

{ LDpeu(t) = f(t,u), te (0,T);

(1.1)
U (t) =0 = uo,

where 0 < T < o0, and “D® is Riemann-Liouville fractional derivative of order 0 <

a < 1. Moreover, the semigroup theoretical to find the existence and uniqueness of mild

solution to such problems has been introduced in this paper is concerned the results for

the following weighted fractional semilinear evolution equations in Banach spaces

REDI u(t) + Au(t) = f(t,u(t),Gu(t)), tel :=(0,b],
(1.2) (Ig:qu) () = uo,

where L DY is the Riemann-Liouville fractional derivative of order ¢, 0 < ¢ < 1, with
lower limit zero, ] éj ? is Riemann-Liouville integral of order 1 — ¢ and —A is the infinites-
imal generator of semigroup in Banach space. The operator G is given by

Gu(t):/o K(t,s)u(s)ds,

is a Volterra integral operator with integral kernel K € C(A,RT), A = {(t,s) : 0 <
s <t < b}.Motivated by the developments discussed above, we consider the existence of
solutions for a class of periodic boundary value problems involving semilinear impulsive
Riemann-Liouville fractional differential equations of the form

REDu(t) + Au(t) = f(t,u(t), Hu(t)), teJ:=(0,w], t # ti;
(1.3) AL u(te) = Gr(ut)), k=1,2,...,m;

u(0) = u(w),
Here, 2L D¢ denotes the Riemann-Liouville fractional derivative of order o € (0,1). The
operator A is assumed to be a closed and densely defined linear operator such that —A

generates a strongly continuous semigroup {U(t)};>o of bounded linear operators on a
Banach space E. Moreover, there exists a constant A/ > 1 satisfying sup |[U(¢)]] < M.
te[0,w]

The nonlinear mappings f : [0,w] x E — E and G, : E — E will be specified later. The
constant w > 0 represents the period, and the points 0 =ty < t1 < -+ <ty < typg1 = w
denote the moments at which impulses occur. The operator H is defined by

(14) Hu(t) = /0 'Kt s)u(s) ds, K € C(D,R),
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where D = {(t,s) € R? : 0 < s < t < w}. The term Altlk_"u(tk) describes the jump of the
function at the impulsive point ¢ = t;, defined by

AL u(ty) = I;gau(tkf)fltlgau(t;) =T(a) | im (t — ;) " u(t) — lim (¢ — ) " u(t)

ol -
t—tf t—ty

Here, Itlf “u(t}) and Itl__ “u(t;, ) denote the right-hand and left-hand limits of I, ~“u(t) at

t = t, respectively. In addition, we use the notation u(t) = t*~%u(t).

The analysis of periodic impulsive fractional evolution equations is considerably more
intricate than that of classical differential systems because of the interaction between frac-
tional dynamics, impulsive discontinuities, and integral operators. The nonlocal nature of
the Riemann-Liouville fractional derivative introduces hereditary characteristics into the
model, making the construction of suitable solution spaces and the verification of com-
pactness conditions technically demanding. In addition, the impulsive terms generate
discontinuities at prescribed moments, which must be incorporated carefully within the
fractional setting while maintaining the periodic behavior of solutions.

In this work, we investigate a class of impulsive fractional evolution equations with
periodic boundary conditions in an ordered Banach space. The main purpose is to es-
tablish the existence and uniqueness of extremal mild solutions by combining lower and
upper solution techniques with a monotone iterative approach and semigroup methods.
Through this procedure, we generate monotone sequences that converge to the smallest
and largest mild solutions of the problem. Compared with methods based exclusively
on fixed point arguments, the present approach provides an explicit and constructive ap-
proximation process for the solutions.

A further challenge arises from the possible noncompactness of the corresponding so-
lution operator. To deal with this issue, we apply methods related to measures of non-
compactness, which permit the derivation of existence results without imposing strong
compactness assumptions. In addition, suitable analytical estimates together with an ex-
tended form of Gronwall’s inequality are employed to prove the convergence and stability
of the iterative sequences.

The results obtained here extend several earlier studies in fractional differential equa-
tions by simultaneously considering periodic conditions, impulsive phenomena, and in-
tegral terms within a single theoretical framework. Hence, the paper contributes to the
development of constructive analytical techniques for a broader class of fractional evolu-
tion problems.

The paper is arranged as follows. Section 2 contains the preliminary material, including
fundamental definitions, notation, and auxiliary results needed in the sequel. In Section 3,
we establish the main existence and uniqueness results for extremal mild solutions asso-
ciated with system (2.7). The final section presents a concrete example illustrating the
applicability of the theoretical findings.

2. PRELIMINARIES

Let E be an ordered Banach space with the norm || - |g. Define a partial order <,
whose positive cone P = {u € E,u > 6} (0 are the zero element of F) is normal with
normal constant N. Let C'([0,w], E) be the spaces of E-valued continuous functions on
[0, w], respectively, endowed with the uniform norm topology

[ulloe = sup{llu(t)]],t € [0, w]}.
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Set L' ([0,w], E) denote the Banach space of functions, u : [0,w] — E which are Bochner
integrable and normed by

an:Anwwﬁ

Let C1_o([0,w], E) = {u() € C((0,w], B) : lim t'=%u(t) exists },with the norm is given

t—0+
by
lulla = sup {t'"[|ullg},

€[0,w
it easy to see (C1_4([0,w], E), ||z|lo) is a Banach space. For investigation of impulsive
conditions, consider the piecewise continuous Banach space AC1_,([0,w], E) = {u(-) €
C((te; trsa], B) and lim (¢ — tr)mu(t) exists, k = 0,1,2,...,m}, with the norm
t—t)

llullacy,_., = max{ sup (t— tk)l_a||u||E k=1,2,.. .,m} .

tE[ty,try1]
Definition 2.1. [31] Let E be an ordered Banach space with zero element 6. A cone P C E is
called normal if there exists a real number N > 0, such that for all u,v € E
6<u<v=|luls < N|o|s

The smallest positive number NV satisfying the above condition is called the normal
constant of P.

Definition 2.2. [31] Let E be an ordered Banach space. A cone P C E'is called regular if every
increasing sequence which is bounded from above is convergent i.e if {u,,} be a sequence such that
U SU S S Uy S S0
For some v € E, then there is w € E with ||u,, —u|| — 0as n — co. Equivalently ,a cone P C E

is called regular if every decreasing sequence which is bounded from below is convergent. Clearly,
a regular cone is a normal cone.

Definition 2.3. [25] We collect some notations from the fractional analysis, let us recall the fol-
lowing definitions from fractional calculus. We lend some concepts of Riemann-Liouville fractional
calculus. Let, 0 < a < 1. If x € L*([0,w], E), then

_ S)a—l

(I"u) (¢) = /0 (trw)u(s)ds,

exists a.e. on [0,w] and it is called Riemann-Liouville fractional integral of order o > 0. Here T’
denotes the Gamma function. So, u € L'([0,w], E) is such that t — I'~%u(t) is differentiable
a.e. on [0,w), then

(FLD%) (1) = % (') (t) = r(11—a)5t/0 (t — 5)~*u(s)ds,

and exists a.e. on [0,w] and it is called the Riemann-Liouville fractional derivative of order . The
previous integral is taken in Bochner sense. Let ¥, (t) : R — R, defined by
-«
U, (t) =4 T(@)’
0, ift<0.

ift >0,

Then

I°u(t) = (Uy xu)(t) and BEDu(t) = %(\I/l,a xu)(t).
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t
Here (-) * B(+) is convolution, i.e. / ~y(t — s)B(s)ds.
0

The following lemma is a variant of the classical Arzela-Ascoli theorem. For (2 a subset
of the space C1_,([0,w], E), define 2, by 2, = {uq : u € Q} and

ti=ou(t), ifte (0,w],
u(t) =

lim ¢1~u(t); if t = 0.
t—0+

It is clear that u,(-) € C([0,w], E).

Lemma 2.1. [10] A set Q C C1_([0,w], E) is relatively compact if and only if ), is relatively
compact in C([0,w], E).

Lemma 2.2. Let a € (0,1). Ifu € AC,_,([0,w], E) and I} ~*u(t) € C([0,w], E), then

—a ot
o RL e U(t) - ‘[t1 u(t)|tior(a)7 t e (O,tl},
It Dt U(t) = L AIliau(t ) ta_l
t k -1 11—«
- (=t = o=y tE (trtp+1
u(t) = T (t tj) It u(t)‘t—or(ay € ( ke + ],

where AT} u(t) = I u(t) — I u(ty) k= 1,2, ,m.

It, is well known that for ug € E and h € L'([0,w], E), the initial value problem of the
linear evolution fractional differential equation order @ € (0, 1)

RLDe u(t) + Au(t) = h(t), te (0,w)],
2.5) { i () () = h(1) (0, ]
IO+ 'u(t)|t:0 = Ug
has a unique mild solution u € C_,([0,w], E) given by
t
(2.6) u(t) = t* UL (t)ug + / (t —8)* UL (t — s)h(s)ds, te€ (0,w],
0

where

Ualt) = o /O " oc. (0 (10) do,

a(©) = é@—l—éra (@—é),

I'(na+1)
n!

118

To.(0) = (-1)n-tg—ne-t sin(nma), 0 < © < 0.

3=

n=1

(o is a probability density function defined on (0, c0), i.e., (,(©) > 0 and / (a(©)dO =
0
1.

Lemma 2.3. The operator {U,(t), t > 0} is a bounded linear operator such that

(i) [Ualt)y] < %nyn,fw anyy € E.

(13) the operator {U,(t), t > 0} is strongly continuous i.e. for everyy € E and 0 < t1 <
te < w, we have

[Ua(t2)y = Ua(t)yll = 0, t2 = t1.
(#4d) IfU(t) is compact, then U, (t) is also compact operator for every t > 0.
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To prove our main result, for any h € L'([0,w], E), we consider the periodic boundary
value problem of linear impulsive evolution fractional differential equation order a €
(0,1), (PBVIF)

RLDeu(t) + Au(t) = h(t) t € (0,w],t # ty;
(2.7) AItlk_au(tk) =k, k=1,2,....m;

(0) = (W),
wherey, € E, k=1,2,...,m,and ug € E.

Lemma 2.4. Let {U(t)}i>0 be Co-semigroup in E generated —A, for any h € L*([0,w], E),
uo € Eandy, € E, k =1,2,...,m. Then the linear (PBVIF) (2.7) has a unique mild solution
u(+) € AC1_o([0,w], E) given by

(2.8)

u(t) =t Ua (1) J (h)+ / (t—=5)"""Ua(t=s)h(s)ds+ Y (t—tx)* "Ualt—t)ys, t € (0,u],
0 0<ts <t

where

J(h) = (I-Uy(w))twt™e Vow(w — 8)* Wal(w = $)h(s)ds + Y (w — tx)* Ualw — tr)ys
k=1

Proof. For any h € L'([0,w], E), we first show that the initial value problem (IVPF) of
linear impulsive evolution equation

REDe u(t) + Au(t) = h(t), te (0,w], t #tk
(2.9) AL mpu(t) =y, k=1,2,....m,
Ié;au(t)h:() = Up

has unique mild solution v € AC;_,([0,w], E) given by
(2.10)

t
u(t) = t“*an(t)uojL/ (t—5)""Ua(t—s)h(s)ds+ Y (t—tx)*  Ualt—te)ys, t € (0,w],
0 0<t)<t
where ug, yx € E, k=1,2,...,m.
Let yo = ¢, denote I, = [tp—1,tk], K = 1,2,...,m + 1, where t; = 0 and t,,41 = w.
If u € AC1_4([0,w], E) is a mild solution of (IVPF) (2.9). Then the restriction of u on
1, satisfies the initial value problem of linear evolution fractional differential equation
without impulse

RLDou(t) + Au(t) = h(t), trp—1 <t <ty,
Itlia‘t:tzilu(w = Itlia‘t:tk—lu(t) + Yk—1-

Hence, on (tx—_1, tx], u(-) can be expressed by

t
u(t) = (t —tp_1)* Ua(t — tp_1)(u(tp_1) + yr_1) + / (t — 8)* UL (t — s)h(s)ds.
th—1
Iterating successive in the above equality with u(ty), i =k—1,k—2,...... , 1, we see that
it satisfies (2.10). Inversely, we can verify directly that the function v € AC1_,([0,w], E)
is a mild solution of (IVPIF) (2.9). Hence (IVPIF) (2.9) has a unique mild solution v €
AC1_4(]0,w], E) given by (2.10). Next, we show that the linear (PBVIF) (2.7) has unique
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mild solution v € AC1_,([0,w], E) given by (2.8). If a function u € AC1_,([0,w], E)
defined by (2.8) is a solution of the linear (PBVIF) (2.7), then uy = u(w), and

(I = Uy(w))ug = wi=@ [/Ow(w — s)a_an(w — s)h(s)ds + Z(t — tk)o‘_an(w — tk)yk} .

k=1

It follows that I — U, (w) has a bounded inverse operator (I — U,)~!, which is a positive
operator when {U (t) }+>¢ is a positive semigroup. Hence we choose

ug = (I — Ua(w))*lwlfo‘ l/ow(w - s)o‘*an(w — s)h(s)ds + Z(t - tk)o‘*an(w - tk)yk]

k=1

= J(h).
Then g is the unique initial value of the (IVPIF)(2.7) in E, which satisfies ©(0) = uy =
%(w). Combining this fact with (2.8), it follows that (2.8) is satisfied. Inversely, we can
verify directly that the function AC1_,([0, w], E) defined by (2.8) is a solution of the linear
(PBVIF)(2.7). Therefore the conclusion of Lemma 2.4. (]

Definition 2.4. A function v € AC1_,([0,w], E) is called a lower solution of (1.3), if it satisfies
the following inequality

RLDey(t) + Av(t) < f(t,v(t), Hu(t)), te€ (0,w], t # ty;
AI,}k_O‘v(tk.) < Gi(v(ty)), k=1,2,...,m;
1(0) < v(w).

If all the inequalities are reversed, it is called an upper solution of (1.3).

Next, we recall some definitions and properties of measure of noncompactness, for
more details, we refer the reader to [4, 8, 26, 35].

Definition 2.5. Let E be a Banach space and (A, >) a partially ordered set. A map fg :
P(E) — Ais called a measure of noncompactness (MNC) on E, if for every subset Q € P(E),
we have

BE(C0) = Be().
Notice that if D is dense in S, then ¢o§) = ¢oD and hence S (2) = Br(D).

Definition 2.6. [8, 3] A measure of noncompactness S is called
(a) Monotone, if Qy, Q1 € P(E), Qo C Qq implies B(Qo) < B ().
(b) Nonsingular, if Bp({a} U Q) = B (Q) for every a € E and ) € P(E).
(¢) Invariant with respect to the union with compact sets, if bp(K U Q) = Br(12) for every
relatively compact set K C E and Q0 € P(E).
(d) Real,if A=TRy = [0,00] and Bg(Q)) < oo for every bounded Q.
(e) Regular, if th condition B () = 0 is equivalent to the relative compactness of 2.
(f) If {W,};}>° is a decreasing sequence of bounded closed nonempty subset and
then N> W, is nonempty and compact,
(g9) Algebraically semiadditive, if Bp(Qo + 1) < Br() + Be(Q) for every o,y €
P(E).
As example of an MNC, are may consider the Hausdorff measure

xe(Q2) = inf{e > 0, for which Q has a finite e-net in E}.
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For any W C AC(J, E), we define

/OtW(s)ds: {/Otu(s)ds:uel/V, forte J= [Om}]},

where W(s) = {u(s) € E: u € w}.

Lemma 2.5. [26] If {b, }°° c LY([0,w], ) and there exists an n € L'([0,w], E) such that
16,()]] < n(t), ae. t e [0,w], then B ({b,(t)}5%,) is integrable and

<{/ s} ) <2 [ Bt ds

Lemma 2.6. [26] Let E be a Banach space , D C E be bounded. Then there exists a countable set
Dy C D, such that fg(D) < 28g(Dy).

Generalized Gronwall inequality for fractional differential equation

Lemma 2.7. [37] Suppose a > 0, v > 0, c(t) and z(t) be the nonnegative locally integrable
functions on 0 <t < w < 400 with

2(t) < e(t) + a/o (t — )7 2(s)ds,

then

z(t) < c(t) + /0

Z %(t - s)m_lc(s)] ds, 0<t<w.

n=1

3. MAIN RESULTS

In this section we will prove our results, we require the following assumptions

(F1) the function f(¢,-) : E — E is continuous for a.e. t € [0,w] and for all v € E, the
function f(-,v) : [0,w] — E is strongly measurable.
(F») there exist a constant A > 0 such that

J(tug,va) — f(t,ur,v1) > —Aug — uy),

for any t € [0,w] and vg(t) < u1 < ug < wo(t), Huo(t) < 11 < vy < Huwo(t).

(F3) Gi(u) is increasing, continuous and compact on order interval [vy(t), wo(¢)], for
tel0,w],k=1,2,....,m

(Fy) there exists a constant L > 0 such that for all ¢ € [0,w)],

Be({f(t un,vn)}) < L(Be({un}) + Be({n}))

and increasing or decreasing sequence {u,, } C [vo(t), wo(t)] and {v,,} C [Hvo, Hwy)

3.1. The case that U(t) is compact.

Theorem 3.1. Let E be an ordered Banach space, whose positive cone P is normal constant N.
Assume that A : D(A) C E — E be a closed linear operator and — A generates a positive compact
Co-semigroup {U(t)}1>o in E. If the (PBVIF) (1.3) has a lower vy € AC1_4([0,w], E) and an
upper solution wyg € ACi_o([0,w], E) with vo < wq and assumptions (Fy)-(F3) holds, and
M* < T'(«). Then the (PBVIF) (1.3) has minimal and maximal mild solutions u and u between
Vo and wo.



A Weighted Monotone Iterative Approach to Fractional Evolution Equations 339

Proof. Let & = [vg, wo] = {u € AC1_o([0,w], E) : vo < u < wp}, we consider the periodic
boundary value problem of impulsive evolution fractional differential equation in E.

REDau(t) + (A + Nu(t) = F(t,u(t), Hu(t)) t€ (0,w], t # tx;
(3.11) AL u(t) = Gr(u(ty)), k=1,2,....m,
%(0) = u(w).
where F'(t,u(t), Hu(t)) = f(t,u(t), Hu(t)) + Au(t). Also A > 0, —(A + X) generates a Cp-

semigroup S(t) = e MU(t)(t > 0) on E and S(t) is positive and continuous in the uniform

operator topology for ¢t > 0. That is there exists M* > 1 such that sup ||S(¢)| < M*.
te[0,400)

We have

M

I(e)

Defineamap Y : &€ — AC1_,([0,w], E), for all t € (0,w] by

[Sa()ull < [ull, ¢=0.

Yu(t) = t*= 1S, (t)J(F) + / (t —8)* 1Sy (t — s)F(s,u(s), Hu(s))ds
(3.12) 0
+ 3 (=) Salt — tr) Gr(ultr)),

0<tp<t

where

J(F) = (I - Sy(w)) twt=@ [/Ow(w —8)*7 1S, (w — 8)F(s,u(s), Hu(s))ds

m
+ kzl(w - tk)aflsa(w — tk)Gk(u(tk))} .
It is clear that Y is well defined. The rest of the proof is divided into four steps

Step 1: The map 7T is continuous in F.

Let {u,} € E be a sequence such that {u,} — u € F as n — oo. Using assumptions
(F1) and (F3), for almost every ¢ € [0,w], t # ti, by Lebesgue dominated convergence
theorem, we get

H [ Tun (t) = Tut)] <

(M*)le—a ww_sa—l s un(s w (s)) — s uls w(s <
T(a)(T (o) — M*) UO ( ) TE (s, un(s), Hun(s)) — F(s,u(s), Hu(s))||d

+§:1(w — 1) G (b, un (tr)) — Gr(u(te))||

M*tl—a t - - e ” )
+W/o (t — ) F (s, un(s), Hun(s)) — F(s, u(s), Hu(s))||ds,

*

+ M S ) Gt () — Gr(u(te)]

I'(a) 0<tr<t

— 0asn — oo.

Hence the map 7T is continuous in E.

Step 2: T is increasing monotonic operator.

We show that vy < Yoy, Twy < wy. For this h(t) = XD vg(t) + Avg(t) + Avg(t), by (3.11),
h € AC1_o([0,w], E) and h(t) < f(t,vo(t), Huo(t)) + Avo(t), t € [0,w], t # ti. By Lemma
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2.4, we have
vo(t) = 715, (t)v(0) —|—/0 (t —5)*" 1S, (t — s)h(s)ds

+ 3 (t—tp)* 1S, (t — th)Gr(vo(tr)), t € (0,w]

0<tp<t
< S ()v(0) + /0 (t = 5)*71Sa(t — 5)(f(s, v0(s), Huo(s)) + Avo(s))ds

+ 2 (t—te)*  Salt — tr)Gr(vo(tr)),

0<trp<t

for ¢ € [0, w], especially we have

(w) < Sa(w)v(0) + w!== {/Ow(w —8)* 1S, (w — 8)(f(s,v0(8), Hug(s)) + Avg(s))ds

3 (= 1) S w tk)Gk(UO(tk))] :
k=1

Combining this inequality with 7(0) = 7(w), it follows that

9(0) < (I = Sa(w))'w' ™ [/Ow(w —8)* 1Sy (w — 8)(f(s,v0(8), Hug(s)) + Avg(s))ds

+ kil(w — tk)aflsa(w . tk)Gk('UO(tk)):| — J('UO)~

On the other hand, from (3.12), we have

Yoo(t) = t*1Su(t)J (vo) + /0 (t—8)* 1S (t — 8)(f(s,v0(s), Hug(s)) + Avo(s))ds

+ 3 (t—t) Sa(t — t)Gr(vo(tr)), t € (0,w].

0<tp<t

Therefore, Tvg(t) — vo(t) > S (t)(t*1J(ve) — ©(0)) > 0 for all ¢ € [0,w]. It implied that
vg < Tvg. Similarly it can be show that Twg < wy.
Next, we show that Y : [vg, wg] — [vo, wo] is completely continuous operator. Let

Oyu(t) = / (t— )70t — 8)((s, u(s), Hu(s)) + Au(s))ds,
Osu(t) = 0<§j<t(t — 1) LS, (t — tr)Gr(u(ty)), u € [vg,wo)-

Step 3: T is equicontinuous on [0, w].
Forany u € E and t1,t2 € [0,w] such that 0 < ¢; < t2 < w, we have

[t5~Yru(ts) — 617 Truty)]] <

17 [t = )8t = )P (s, (o). Huls))ds

+ ’ / 1 [ty *(ta — 8)* 1 =477 %(t1 — 8)* 1] Salta — s)F(s,u(s, Hu(s)))ds
0

+ e /01<t1fsw*l[sa(trs)fscy(tlfs>1F<s,u<s>’Hu<s>>ds :

By the normality of the cone P, there exists C; > 0 such that ||F'(¢, u(t), Hu(t))| < Ci,
u € [vg, wo], we get
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—« -« M*C 2 -« a—
[ Yau(ta) -7 Fru(tr)| < T3 / £y (b — 5)° " \ds
t1

M*C,
I(a)

ty
/ [ty [ta— ) —(t1—s)* 1+t —s)* [ty —t; ]| ds
0
t1
Cl/ t?fo‘(tl —8)7Y|Sq(ts — 8) — Sa(ty — s)||ds
0
4
= > U.
=1

Using Lemma 2.3(ii), Uy — 0 as to — ¢1. Moreover, it is easy to see that Uz, Us — 0 as
to — t1. For any € € (0,t), we have

t—e
l&gc{/ 70ty — )5S (ts — ) — Sultr — 5)|lds
0
t
+C4 / 117ty — 8)*7 Y| Salta — 8) — Su(t; — s)||ds
t—e

t—e
g/ H0(t — )91 sup [|Salts — ) — Sa(ts — 5)|ds
0

s€[0,t—¢]

ZM*Cl /t 11—« —1
t1 %ty —s)% ds
F(Ot) t—e !
t—e
g/ B0t — )91 sup [|Salts — ) — Sa(ts — 5)|ds
0 s€[0,t—¢]
2M*Cit; ™™
Ia+1)

—0asty —t;and e — 0.

Hence Y1 ([vo, wo)) is equicontinuous operator. The same idea can be used to prove equicon-
tinuous of T5. Hence Y ([vg, wo)) is equicontinuous in AC1_,([0,w], E).
Step 4: The set Y () = {Tu(t) : u € [vg, wo]}, t € [0,w], is precompact in [vg, wo).
Let
Yu(t) = Tu(t) = t* 1S, (t)J(F) + Yiu(t) + Tou(t)
and Tu(0) = J(F) = t(w) is precompact in E. For any ¢ € [0,w], choose € € (0,t) and
v > 0 such that
t—e 00
Tius(t) = a/ / (t — )10 (O)U((t — 5)*O)F(s,u(s), Hu(s))dOds
0 v
t—e o)
< ald(e®v) / / (t —5)* 1O (OWU((t — 5)*O — V) F (s, u(s), Hu(s))dOds
0 v

Note that © > vand t — € > sso (t — $)*© — €*v > 0. Therefore from Lemma 2.3(7i7), the
operators U (e*v) and U (t*© — e*v) are compact. Hence YT1u®"(t) is precompact in E.
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Now, we have

H T ru(t) = Tous” (1)

o= [ [ (=9 0C OU((t — 5)"O)P(s.u(e). Huls))d0ds

slas=e [ [T o e @t - 9 O)F (s, uls). Huls) dods

t v
< aM*C’lwl_"/ (t— s)o‘_lds/ 0¢.(0)de
0 0

t

+aM*Ciwt— /

t—e

(t— s)o‘*lds/ 0¢,(©)de
0
—0ase—O0and v — 0.

i.e. precompact sets T u“"(t) are arbitrarily closed to the sets {YTqu(t) : v € [vo, wol}.
Hence the set {Y1u(t) : u € [vg, wo]} is precompact in [vg, wo]. Moreover, for 0 < ¢, < ¢,
kE=1,...,m,weget{YTou(t) : u € [vg,wp]} is precompact in [vg, wo]. Hence, Y ([vg, wo]) is
precompact in AC;_,([0,w], E), by the Arzela-Ascoli theorem. So Y : [vg, wo] — [vo, wo]
is completely continuous. Hence T has minimal and maximal fixed points u and @ in
[vo, wo] and therefore, they are the minimal and maximal mild solutions of the (PBVIF)
(1.3) in [vg, wo], respectively.

|

3.2. The case that U(t) is not compact.

Theorem 3.2. Let E be an ordered Banach space, whose positive cone P is normal constant N.
Assume that A : D(A) C E — E be a closed linear operator and —A generates a positive
compact Co-semigroup {U(t) }1>o in E. If the (PBVIF) (1.3) has a lower vy € AC1_4([0,w], E)
and an upper solution wy € AC1_o([0,w], E) with vy < wy and assumptions (F1)-(Fy) holds,
M* < T'(«) and there exists a constants M™*, L, Ko, A such that for all t € [0,w],

2M*wl (L + 2wLKo + \)

T(a) <1

Then the (PBVIF) (1.3) has minimal and maximal mild solutions v and u between vy and wy.

Proof. From Theorem 3.1, we know that T : [vg, wo] — [vo, wo] is a continuously increasing
operator. Now we define two sequences {v,, } and {w, } in [vg, wo] by the iterative scheme

(3.13) vy =Yv,_1, wp,=Yw,_1, n=12,....
Then from the monotonicity of Y, it follows that

(3.14) vg<wp Ky << <Ly < S wp K wp < wg.
We prove that {v,,} and {w, } are convergence in [0, w].

For convenience, we denote B = {v, : n € N} and By = {v,—1 : n € N}. Then
B = T(Bo) Let I{ = (07t1], Il/c = (tk,tk], k = 2,3, e ,m + 1. From Bo = BU {’Uo} it
follows that g (By(t)) = Pr(B(t)) fort € (0,w]. Let o(t) := Br(B(t)), t € (0,w], going
from I to I}, ,, interval by interval we show that ¢(t) = 0 in [0, w].
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For t € [0, w] there exists a I;, such that ¢t € I;.. By using Lemma 2.5 and 2.6, by (1.4), we
have

B (H (Bo) (1) = B ({ / Kt ) (s)ds < € N})
< ]21513 ({ v K(t,8)vn_1(s)ds :n € N})

tj71

+ e <{ t K(t,s)unl(s)ds:neN}>

k-1 .t t
2 / Bis(Bo(s))ds + 2K / Bis(Bo(s))ds
=1 ti—1 tj—1

k—1 t; t
=2Kg Z / w(s)ds + 2K, / w(s)ds
j=1 tji—1 ti—1
t

— 9K, /0 o(s)ds.

Therefore

(3.15) [ B (Bo) () < 2K /0 o(s)ds.

o(t) = Pe(B(t)) = Be(T(Bo(t)))

= B ({talsaa)J(F) - (= 8" St — $)(F (5,01 (5), Hur()) + woua(s)is}).
So

50 =5 ({su00) 40 | (1= 58 (t— (5, vmon (), Hur(s) + -1 (s))ds )

2M*w' (L + 2wL A [t
< w 7L + 20K + ) / (t —8)* 15> 15(s)ds.
[(a) 0

Hence by the Gronwall’s inequality, ¢(t) = 0 on [0, ¢1]. In particular, Bg(B(t1)) = Be(Bo(t1)) =
@(t1) = 0, this means that B(t1) and By(t1) are precompact in E. Thus G1(By(t1)) is pre-
compact in E, and g (G1(Bo(t1))) = 0.

Now, for t € I}, by (3.12) and the above argument for ¢ € I{, we have

o(t) = Be(B(t)) = Be(T(Bo(t)))

~ ({ta—lsa(tw(F) +f ()71t — (5 v () Avn_1<s>>ds}) |
So
50 = oz ({sa00) + 00 | (= 88t — (5 vmon () + wona(s))is )
IM* W =(L 4 2wLKo + A) /t(t s
- ['(a) th

Again by the Gronwall’s inequality, ¢(¢) = 0in I}, from which we obtain that Sz (By(t2)) =
0 and Bg(G2(By(t2))) = 0. Continuing such a process interval by interval up to I, ;, we
can prove that p(t) = O inevery I}, k = 1,2, - -,m + 1. For any I, if we modify the

a=lsa=15(s)ds.
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value of v, att = t—1 via v, (tp—1) = vn(tﬁ_l), n € N, then {v,} C AC;_, (I}, E) and it is
equicontinuous. Since Sg({v,(t)} =0, {v,(t)} is precompact in E for every ¢t € I;. By the
Arzela-Ascoli theorem, {v,,(t)} is precompact in AC:_ (I, E). Hence, {v, } has a conver-
gent subsequence in AC_, (I, E). Combining this with the monotonicity (3.14) we eas-
ily prove that {v,, } itself is convergent in AC;_, (I}, E). In particular, {v,(¢)} is uniformly
convergent in I;.. Consequently, {v,,(t)} is uniformly convergent over the whole of [0, w].
Using a similar argument to that for {v,(t)}, we can prove that w,,(¢)} is also uniformly
convergent in [0, w]. Hence, {v,,(t)} and {w,,(t)} are convergent in AC1_,([0,w], E). Set

(3.16) u= lim v,, ©w= lim w,, in AC|_,([0,w],E).

n—oo n—oo

Letting n — oo in (3.13) and (3.14), we see that vy < u <u < wp and
(3.17) u="Yu, u=7Yu.

By the monotonicity of Y, it is easy to see that v and @ are the minimal and maximal
fixed points of Y in [vg, wy], and therefore, they are the minimal and maximal solutions of
(BVPIF)(1.3) in [vg, wo), respectively.

This completes the proof of Theorem 3.2. O

Now we discuss the uniqueness of the solution to (BVPIF)(1.3) in [vg, wo]. if we replace
the assumption (F}) by the following assumption:
(F5) there exist positive constant C, such that

fltug) = f(t,ur) < Clug —wr) + Clve — 1),
Vt e [0,w], and wv(t) < up <wug < wp(t), and Hug(t) < vy < vy < Huwy.
we have the following unique existence result

Theorem 3.3. Let E be an ordered Banach space, whose positive cone P is normal, f € C([0,w]; XE, E)
and I, € C(E,E), k= 1,2, -, m. Ifthe (BVPIF)(1.3) has a lower solution vy € AC;_,([0,w], E)

and an upper solution wy € AC1_o([0,w], E) with vy < wy, such that conditions (Fy) — (F»)
and (Fy) holds,and there exists a constants M*, C, Ko, C, X such that for all t € [0,w],

NM*w'= [(A+ C) + wCKy]
()

Then the (BVPIF)(1.3) has a unique solution between vy and wq which can be obtained by a
monotone iterative procedure starting from vy or wy.

< 1.

Proof. We firstly prove that (F7) and (F5) imply (Fy). For ¢t € [0,w], let {u,} C [vo,wo],
{v} C [Huvo(t), Hwy(t)] be increasing sequence. For m,n € N with m > n, by (F}) and
(FS)r
9 S (f(tvumv Vm) - f(t7un7 Vn)) + A(um - un)
<(C+ N (um — up) + C(Vm — v).
By this and the normality of cone P, we have

£t wm, vim) — f(E, tns vn) | _
<N [IC + ) (tm = un) + Cllvm = vall] + Mlum — un||
<A+ NA+ NO) ||t — un|| + NCl|vm — vy ]|
From this inequality and the definition of the measure of noncompactness, it follows
that
Be({f(t,un,vn))}) < A+ NA+ NC)Bp({un}) + NCBp({rn})

(3.18) < L(Be({un}),
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where L = max{(A + NA + NC),NC}. If {u,}, {v,} are two decreasing sequences, the
above inequality is also valid.

Hence (F4) holds. Therefore, by Theorem 3.2 the (BVPIF)(1.3) has minimal solution u and
maximal solution % in [vg, wg]. By the proof of Theorem 3.2,(3.13) and (3.14) equations are
valid. Going from I] to I}, , ; interval by interval we show that u(t) = 7(t) in every 1. For
t € I1, by (3.12) and assumption (F5), we have

0 <a(t) — u(t) = Ta(t) — Tu(t)
= /0 (t =) 1St — ) [f(s,uls), Hu(s)) — f(s,u(s), Hu(s)) + A(@(s)) — u(s))] ds

From this and the normality of cone P it follows that

NM*w'= [(A+ C) + wCKo]

[a(t) —u®)]a < T(a)

/ (t — )25V a(s) — u(s)||ads.
0

By this the Gronwall’s inequality, we obtain that u(¢) = u(t) in I{. For ¢t € I}, since
G1(tu(t1) = G1(u(t1)) using (3.12) and completely the same argument as above for t € I,
we can prove that

70~ u( o < GO P oot ugoa

NM*w'= (A +C CK t
_ w [(1—\<;_) )"‘W 0] /tl (tfs)a71$a71‘|ﬂ(5) 72(5)”0{
Again, by the Gronwall’s inequality, we obtain that u(¢) = u(¢t) in I3.
Continuing such a process interval by interval up to I}, , ;, we see that u(t) = () over the
whole of [0, w]. Hence, u* := u = @is the unique solution of (BVPIF)(1.3) in [vy, w], which
can be obtained by the monotone iterative procedure(3.14) starting from vy or wy. O

4. AN EXAMPLE

In this section, we give an example to demonstrate how to utilize our results. We
consider the (BVPIF) of impulsive fractional partial differential equation

(4.19)
RLDS;u(t,x) = Y|a|<ombaDault, ) f(t, x,u(t,x), Hu(t,x)), (t,z) € (0,w] x Q, t # ty,

ALluli—y, = Gr(u(z,ty)), €Q, k=1,2,...,m, ulpqg =0,

u(z,0) = u(z,w), z€Q,
where I = [0,w], 0 < t; < t3 < ... < t;, < w, integer N > 1,let O C R¥ is a bounded
domain with a sufficiently smooth boundary 99, and #Dg. is the Riemann-Liouville

fractional derivative, 0 < o« < 1, f : I x E — F is continuous, G;, : E — F are also
continuous, k = 1,2,...,m, and

o a (&3] a Q2 a Qn
DI—(%) (%) (axn) ’

where a@ = (a1, as,...,a,) is an n-dimensional multi-index, |a| = a; + as + -+ + @y,
coefficient function a,(x) € C*™(Q).
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Let E = LP(Q) with1 < p < oo, P = {u € LP(Q) : u(z) > 0, a.e. x € Q} and define the
operator A: D(A) C E — Eis follows

D(A) = {u e WP AWP(Q) :ulpu =0}, Au= Y aaDiu.

|a|2m

Then E is a Banach space, P is a normal cone of ' and —A generates a positive Cy-
semigroup U(t)(t > 0) in E, let f(¢,u(t), Hu(t)) = f(t,z,u(t,z), Hu(t, x)) then problem
(4.19) can be written as abstract (1.3). For solving the problem (4.19) the following as-
sumptions are needed.

(Hy) Let f(t,z,0) > 0, It(0) > 0, u(w,x) > 0, =z € Q, and there exists a function
w=w(t,x) € AC1_,(I, E) such that

RLDS;w > Yjaj<ombaDyult, z) f(t, v, w, Hw), (t,x) € (0,w] x Q, t # ty,
Awli—y, > Grp(w(z,tr)), z€Q, k=1,2,...,m, ulpq =0,
w(z,0) > w(z,w), x €,
(H3) There exists a consant A > 0 such that
ftx, 22, y2) — f(t, 2, 22,y1) = —A (22 — 21),

foranyt € Tand 0 < z; < z2 < w(t,z) and 0 < y1 < yo < Hw(t, x),
(Hs) For any uq,us € [0, w(t, z)], with u; < ug, we have

Gk(ul(tk,x)) SGk(UQ(tk,'r))v $€Q, k=1,2,...,m.

Assumption (H;) implies that v9 = 0 and wy = w(t, z) are lower and upper solutions of
the (BVPIF) (4.19) has minimal and maximal ,ild solutions between 0 and w(t, =) which
can be obtained by a monotone iterative procedure starting from 0 and w(¢, ) respectively.
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