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Nonlinear multivalued Fourier boundary p(u)-Laplacian
problem

NOUFOU SAWADOGO! AND STANISLAS OUARO?

ABSTRACT. We study the following nonlinear multivalued Fourier boundary p(u)— Laplacian problem 8(u)—
diva(z,u,Vu) 3 f in Q, a(z,u,Vu) -n+ Au=g on 99Q. The existence and partial uniqueness results of
solutions for L!-data are posed.

1. INTRODUCTION

We consider the following nonlinear elliptic p(u)—Laplacian problem with Fourier bound-
ary condition.

B(u) —diva(z,u, Vu) 3 f in Q

P
(5,]039) {a(x7u7vu).n+/\u:g on aQ,

where (2 is an open bounded domain of RN (N > 3), with smooth boundary, A > 0, 8 is
a maximal monotone graph on R such that 0 € 3(0), a is a Leray-Lions type operator, 7 is
the outer unit normal vector on 952, f € L'(Q) and g € L'(992), with g # 0.

The problem P(S, f, g) can be seen as an extension of the following problem.
(1.1) b(u) — diva(z, u, Vu) = f in Q
' a(z,u,Vu) -n+Iu=g on 0f),

with b : R — R nondecreasing, normalized by 5(0) = 0, studied by Ouaro and Sawadogo
(see [24]).

The problem P(j, f, g) is adapted into a generalized Leray-Lions framework under the
following assumptions.

a:Qx (RxRY) — RY is a Caratheodory function with

(1.2) a(z,2z,0) =0 forall z€ R, and a.e. z € Q,
satisfying the strict monotonicity assumption
(13) (a(:c, Zag) - a(l‘, 2777)) : (5 - 77) >0 forall ga ne RN7€ # m,

as well as the growth and the coercivity assumptions with variable exponent

(1.4) |z, z,6)|” 7 < ¢y (16" + M(x)),
1
(1.5) a(x, z,€).€ > alapw-
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Here C,, C; are positive constants and M is a positive function such that M € LY(Q).
p: QxR —=[p_,py]isaCarathéodory function, 1 < p_ < p(z, 2) < p; < oo and

; p(x,z) . : ,
= ————~— is the conjugate exponent of , with
p/(r.2) = L5 s the conjugate exponent of p(r. )
p—:=ess inf p(x,z) and py:=ess sup p(z,2).

(z,2)EQXR (z,2)EQXR
We assume that:

p— > N, pis uniformly log-Ho6lder continuous
(1.6) on Q) x [-M, M], forall M > 0.

As example of functions which satisfies above assumptions, we can give the following.
(1) a(z,s,&) = |¢[P®*)=2¢, known as the p(., .)-Laplacian operator.
p(x,s)—2
(2) a(z,s,§) = (1+]£%) 2 & known as the mean curvature operator.

Although the p(x)-Laplacian kind problems have been extensively used in mathematical
modelling in the last twenty years (some of the references are listed in [1]), there are no
much work on models with variable exponent p(x) explicitly depending on u(x). Yet a
related, although far more complicated, minimization problem with p = p(Vu) was sug-
gested in [8], in the context of image processing. Nonlinear PDEs with variable exponent
p = p(u) appear then clearly in the applications of some numerical techniques for the
total variation image restoration method that have been used in some restoration prob-
lems of mathematical image processing and computer vision [8, 9, 30]. Variational models
exhibit the solution of these problems as minimizers of appropriately chosen functionals
and the minimization technique of such models involves the solution of nonlinear partial
differential equations derived as necessary optimality conditions [12]. Several numerical
examples suggesting that the consideration of exponents p = p(u) preserves the edges and
reduces the noise of the restored images u are presented in [30]. A related, although far
more complicated, minimization problem with the exponent of the regularization term
depending on the gradient of the reconstructed image u, was considered in the works
[8, 9]. In particular, the pioneer work [8] presents a numerical example suggesting a re-
duction of noise in the restored images « when the exponent of the regularization term is
p = p(|Vul).

For the p(u)-Laplacian problem, to our best knowledge, the pioneering work is due to
Andreianov et al. [2] in 2018. Afterwards, Chipot and De Oliveira studied a kind of p(u)-
Laplacian problem considered by Andreianov et al (see [14]). The first work on the p(u)-
Laplace problem like P(j3, f, g) was done by Ouaro and Sawadogo in a pioneering work
[23]. This work concerns a nonlinear multivalued (inclusion) PDE with Fourier boundary
condition, so we are looking for the solutions in the space W'?(-#()(Q). For that, we
are facing some difficulties when we want to apply the theory of monotone operators in
the Banach space W 17(-4())(Q) to prove the existence of solutions. Therefore, we use the
technic of pseudo-monotone operators in Banach spaces, the Poincaré-Wirtinger inequal-
ity with constant exponent and the Young measure associated to a weak convergence
method of sequence of gradients of solution (cf [16, 18]) to obtain some useful conver-
gence results. An other difficulty is that 8 is a nonlinear graph, then, its appear in the
definition of the solution, a bounded Radon diffuse measure, in order to take into account
the boundary of the domain. We define M,,(2) as the set of bounded Radon measures in
(2. For the variable exponent 7(.), where 7(.) is to be defined later, given 1 € My(Q2), we
say that y is diffuse with respect to the capacity W' () (Q) if u(A) = 0, for every set A
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such that Cap,()(4,9Q) = 0 (see [22]). For A C (2, we denote
Sr()(A) = {u e WH™)(Q): w>1 on an open set which contain A and u > 0 in Q}
The 7(.)—Capacity for every subset A with respect to (2 is defined by

Capey (A, Q) = inf { / (|u|ﬂ<~>+w<.>)dx}.
Q

uES,r(_) (A)

The set of bounded Radon diffuse measures in variable exponent setting 7(.) is denoted
by MT ().
y My

Here, we adapt the notion of renormalized solution for the study of our problem. The
concept of renormalized solution was introduced by Diperna and Lions (cf.[15]). More-
over, the standard Leray-Lions elliptic problems with L' source terms are well posed in
the framework of renormalized solutions.

The interest of the study of this kind of problem is due to the fact that they can model
phenomena which arise in the study of elastic mechanics (see [3]), electrorheological fluid
(see [28]) or image restoration (see [13]).

Due to the Fourier boundary condition considered in this paper, which bring some dif-
ficulties to treat the term at the boundary, we were inspired by the work of Ouaro and
Tchousso (see [26]), where the authors defined for the first time a new space by taking
into account the boundary.

The rest of this work is organized as follows: in the next section, we introduce some
preliminary results. In the last section, we study the existence and a partial uniqueness
results of the renormalized solutions for the problem P(j, f, g).

2. PRELIMINARY RESULTS

o We will use the so-called truncation function

it |s| <k 1 if s>0

Ti(s) := y _ ,1 51 = ,  where signg(s) =40 if s=0
ksigno(s) if |s| > k Lif s <0

—1if s .

The truncation function possesses the following properties.

Ti.(=s) = =Tk(s), [Tk(s)| = min{|s|, k},

. 1 .
khﬁngo Ti(s) =s and %g% %Tk(s) = signg(s).

o We will also need to truncate vector value-function with the help of the mapping

A, if |Al<m
B : RY — RN hyp(N) = A where m > 0.
m—— if |A] > m,
Al

Taking into account the growth and the coercivity assumptions (1.4) and (1.5), we need
to work in the variable exponent Sobolev space W' 7()(Q) defined below. Notice that
the exponent (.) itself is related to u by 7(.) := p(.,u(.)). We also recall the definition of
variable exponent Lebesgue and Sobolev spaces L™() (©2) and W1 () (Q). In the sequel, we
will use the same notation L™()(Q) for the space (L") (2))" of vector-valued functions.
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Definition 2.1. Let 7 : Q — [1, 00) be a measurable function.
o L™()(Q) is the space of all measurable functions f : Q@ — R such that the modular

peiy(f) = / FF@dz < oo.

If p. is finite, this space is equipped with the Luxembourg norm

[l =) = inf {)\ >0;  prey (i) < 1}.

WL ()(Q) is the space of all functions f € L™)(Q) such that the gradient of f (taken in the
sense of distributions) belongs to L™()(Q2). If p, is finite the space W' ()(Q) is equipped with
the norm

[ullw o @) = llull =0 @) + VUl Lo )
Wy ™ (Q) is the closure of C3° () in the norm of Wm0 (Q).
When 1 < p_ < 7(.) < pt < o0, all the above spaces are separable and reflexive Banach spaces.

In the present paper, we assume that 7(z) = p(z,u(x)) verify the log-Holder continuity
assumption (2.7) below and we denote 7. (z) := p(z, u-(x)).

Proposition 2.1. (See [1], Proposition 2.3)
For all measurable function 7 : Q@ — [p_, p4], the following properties hold.

i) L™0(Q) and Wm()(Q) are separable and reflexive Banach spaces.
ii) L™ C)(Q) can be identified with the dual space of L™)(Q), and the following Holder
inequality holds.

Vf € LFOQ),g € I7O(9), ‘ / fgdu
Q

iii) One has pr()(f) = Vifand only if || f||L~() () = 1; further,

< 201 fll oo gl 00

iF oy (1) < 1, then |15 o < prto(F) < 112000

if pr()(£) 2 1, then [|f1[2) 0y < Px(y () < IFI1R0 (@)

In particular, if (fn)nen is a sequence in L“(' (Q), then anHL"(.)(Q) tends to zero (resp., to
infinity) if and only if pr(y(fn) tends to zero (resp., to infinity), as n — oo.

For a measurable function f € W' 7()(Q) we introduce the following notation.

PLat) /W dx+/ VO d.

Replacing p(z) by w(x) in [6]-Proposition 2.2, we get the following result which is funda-
mental in this work (See [31, 32]).

Proposition 2.2. If f € W™()(Q), the following properties hold.
) HfHleW(-)(Q) >1= ||f|‘€{;1,1r(.)(9) < pl,w(.)(f) < ||f|‘1{j{j1,w(->(9);

i) [[fllwrro) <1= ||f|\€;1,w<.>(g) < pray(f) < ||f|\€§1,,<_>(9)/
iii) |[f|lw1.~0) () < U(respectively = 15> 1) < p1 () (f) < L(respectively =1;>1).

The following lemma show that the space W17 () (Q) is stable by truncation.
Lemma 2.1. (See,[1]-Lemma 2.9) If u € W1 ™) (Q) then Ty, (u) € WE™0)(Q).

Now, we give some embedding results.
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Proposition 2.3. (See [1], Proposition 2.4) Assume that 7 : 0 — [p_,p4] has a representative
which can be extended into a continuous function up to the boundary 02 and satisfying the log-
Holder continuity assumption.

(2.7) 3L >0, Yo,y e Qz#y, —(loglz —yl)|r(z) —7(y)| < L.
i) Then, C*>(Q) is dense in W) (Q).
ii) Whm()(Q) is embedded into L™ ()(Q), where *(.) is the Sobolev embedding exponent
defined as in (2.8) below. If q is a measurable variable exponent such that ess ing(w* ()—q(.)) >0,
zTE
then the embedding of W™()(Q) into L9()(Q) is compact.
For a given 7 (.), a function taking values in [p_, p|, 7*(.) denotes the optimal Sobolev embedding
defined for any x € Q by

Nm(x) i w(z) <N
2.8) ™ (z) = N =) ;
( any real value if wx)=N
00 if  w(x)>

Throughout the paper, we denote by &, the Dirac measure on R (d € N) , concentrated at
the point ¢ € R%.

In the following theorem, we gather the results of Ball [5], Pedregal [27] and Hungerbiihler
[19] which are needed for our purposes (we limit the statement to the case of a bounded
domain ). Let us note that the results of (ii) and (iii) below, expressed in terms of the
convergence in measure, are very convenient for the applications we have in mind.

Theorem 2.1. (i) Let Q c RN, N € Nand a sequence (vy)nen of R? -valued functions,
d € N, such that (v,)nen is equi-integrable on ). Then there exists a subsequence
(nk)ken and a parametrized family (vy)zcq of probability measures on R¢ (d € N),
weakly measurable in x wrt the Lebesgue measure on ), such that for all Carathéodory
function F : Q@ x RY — R, t € N, one has

(2.9) lim [ F(z,v,,)dz = // (2, N)dv,(N)dzx,
k—oo Jq Rd
whenever the sequence (F'(., v, (.)))nen is equi-integrable on Q . In particular,
(2.10) v(x) := Advg (M)
Rd

is the weak limit of the sequence (vn, )ken in LY (Q). The family (vy).cq is called the
Young measure generated by the subsequence (vp, )ken as k — oo.

(ii) If Q is of finite measure, and (vy)zecq is the Young measure generated by a sequence
(Vn)nen, then v, = 0y(y) for a.e. x € Q2 < v, converges in measure in () to v as n — oo.

(iii) If © is of finite measure, (u,)nen generates a Dirac Young measure (6,(z))aco in RM
and (v, )nen generates a Young measure (vy)zcq in R%, then the sequence (un, vn)nen
generates the Young measure (8,(z) ® vy)geq on R4,

Whenever a sequence (v,)nen generates a Young measure (v;)cq, following the termi-
nology of [17] we will say that (v, )nen nonlinear weak-* converges and (v,),eq is the
nonlinear weak-* limit of the sequence (v, ),en. In the case (v,,)nen possesses a nonlinear
weak-* convergent subsequence, we will say that it is nonlinear weak-* compact. It means
that any equi-integrable sequence of measurable functions is nonlinear weak-* compact
on § ([1], Theorem 2.10(i)).
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We give a useful convergence result for the sequel.

Lemma 2.2. Let (8,)n>1 be a sequence of maximal monotone graph such that 5, — (3 in the
sense of graphs (i.e for all (z,y) € B there exists (xy, yn) € By such that z, — x and y, — y).
We consider (2, )n>1 and (wy,),>1 two sequences of L*(Q), such that w,, € Bn(2,) LY a.e. Q.
If (wy,)n>1 is bounded in L' (Q) and z, — z in LY(Q), then z € dom(B) LY a.e. .

The main tool of the proof of the above lemma is the “biting lemma of Chacon”, see [11].

Lemma 2.3. Let  be an open bounded subset of RN and (f,,)n>1 a bounded sequence in L (2).

Then, there exists f € L'(Q), a subsequence (f,, )n,>1 and a sequence of the mesurable set

(Ej)jen+, Ej € Q,Vj € N*with Ejy C E; and lim |E;| = 0, such that for any j € N¥,
j—oo

Jn, = fin LY(Q\ Ej), as ny, — oc.

Proof of the Lemma 2.2. Since the sequence (w,,),>1 is bounded in L' (), using the “bit-

ing lemma of Chacon” there exist w € L!(Q2), a subsequence (w,,, )n,>1, a sequence of

mesurable sets (E;) en-, £; C QVj € N* with E;; C E; and lim |E;| = 0 such that
J—00

forall j € N*, w,, — win LY(Q\ E;), as ny — oo. Since z,, — z in L'(Q2) and so in
LY(Q\ E;),Vj € N* and $3,, — S in the sense of graphs, we have w € (3(z) a.e. in Q \ Ej.
Thus, z € dom(p) a.e. in Q \ E;. Finally, we obtain z € dom(3) a.e. in Q. O

We write for all measurable functionu : Q = R, {|u| <k (< k,> k,> k,=k)}
or [|ul <k (< k,> k,> k,= k)| for the set {z € O |u(z)| < k (< k,>k,>k,=k)}, and
meas(Q2) or || denote the measure of the set .
Let us set
int(domp) = (m, M) with —co<m <0< M < oo.

3. EXISTENCE AND PARTIAL UNIQUENESS OF THE RENORMALIZED SOLUTION
We give the following notion of solution of the problem P(8, f, g) (see [7, 20, 25]).

Definition 3.2. A renormalized solution of the problem P(f3, f,g) is a couple (u,w) with u
a measurable function such that Tj,(u) € W'™C(Q) forall k > 0, u € L' () and u €
dom(B) LN a.e. Q, w € LY(Q) and w € B(u) LN a.e. Q; and there exists a measure i €
Mg(')(Q) such that p L LN, it is concentrated on [u = M| N [u # ool, u~ is concentrated on
[u = m] N [u #* —oo} such that

/wh(u)cpdx—l— h(u)a(z,u, Vu)Vedr + h’(u)a(m,u,Vu)prdm—l—/h(u)(pd,u
Q Q Q

Q

+ A - uh(u)gpdaz/th(u)@dx—l—/(mgh(u)cpdo,

(3.11)
forall o € WH()(Q) N L>2(Q), forall h € C}(R) and

(3.12) lim a(xz,u, Vu).Vudr = 0.
M— o0 |:M<‘u|<M+1:|

All the terms of (3.11) are well defined. Indeed, h(u)p € WHT()(Q) N L>(), then, the
first integral of the left-hand side and the first integral of the right-hand side of (3.11) are
well defined. The second and third integral of the left-hand side are well defined thanks
to (1.4). The fourth integral of the left hand side is also well defined, since the measure
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p is diffuse. Moreover, as ¢ € C(Q) (p € WH™)(Q) € WP~ (Q) — C(Q), for p_ > N),
then ¢ € L™(012), so the last integral of the left-hand side and the second integral of the
right-hand side are well defined.

Remark 3.1. If M = oo and —oco < m (resp. m = —oo and M < oo) then, pi = 0 (resp.
p— =0). Thus, (3.11) holds true with p = p_ (resp. p = piy).
If M = oo and m = —oo then, the domain of (3 is equal to R and the relation (3.11) becomes

/ wh(u)pdz —|—/ h(w)a(z,u, Vu)Vedr + / h' (u)a(x, u, Vu)Vupdz + )\/ uh(u)pdo
Q Q Q o0
(3.13) = / fh(u)pdz +/ gh(u)pdo,
Q o9
forall p € WH0)(Q) N L>®°(Q) and for all h € CL(R).

In the case where the domain of (3 is bounded, the renormalization with h is not necessary in the
Definition 3.2, therefore we can take h = 1.

Now, we are going to prove the following main existence result.

Theorem 3.2. Assume that (1.2)-(1.6) hold, f € L'(Q) and g € L'(0S2). Then, there exists at
least one renormalized solution to the problem P((, f, g).

Proof. The proof of Theorem 3.2 is divided into two steps.

Step 1. The approximate problem.
For every € > 0, we consider the Yosida regularization 3. of 3, given by

]
Thanks to [10], there exists j a non negative, convex and l.s.c function defined on R such
that 8 = 9j.
To regularize 3, we consider j.(s) = Irnel]g {21€|s -2+ j(r)},Vs € R,Ve > 0.
Using Proposition 2.11-[10], we have

dom(B) C dom(j) C dom(j) = dom(B),

. € . _

je(s) = 5|Bg(s)\2 +j(J=(s)) where J. := (I +¢B)7!,

je is convex, Frechet-differentiable function and 8. = 95,

Jetjasel0.
Furthermore, for any ¢ > 0, . is nondecreasing, Lipschitz continuous function and
Be(0) = 0. We define the functions f. by f.(z) = T1(f(z)) for any z € Q and g.(z) =
T1(g(z)) for all z € 9. Then, (f:)e>0 and (g: )0 are the sequences of bounded functions
which converges strongly to f € L'(Q2) and g € L*(99) respectively, as ¢ — 0. Moreover,

[fellr) < [1fller @ and [lgellr o) < llgllzr o), Ve > 0.

Lemma 3.4. (See,[22]-Lemma 3.1)
The Yosida reqularisation (3. is a surjective operator.

Now, let us consider the following problem.

Be(ue) — diva(z, ue, Vue) — e Ay, ue + eluclP+2u. = f. in Q
P(ﬁe»fsvgs)
la(z, ue, Vue) + e[ Vue [P+ 2Vue | + AT (ue) = g. on 09,
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where

—Dp,ue = =V.(|[Vu [P+ 72Vu,).
We define the following reflexive space

E = WhP+(Q) x LP+(09).
Let
Xo={(u,v) € E: v=r1(u)}.

We will identify an element (u, v) € X, with its representative u € WP+ () in this paper.

Theorem 3.3. There exists at least one weak solution u. for the problem P (S, f-, g-) in the sense
that u. € Xo and for all v € X,

/Bg(us)vdx—i—/a(:v,ug,Vus)Vvdx + )\/ T1 (ue)vdo
Q Q o °

_|_

E/ [Jue[P*~?uv + |Vue [P+ 2V Vo) da
Q

(3.14) = /fgvdx—I—/ gevdo.
Q aQ

We need the following lemmas to prove Theorem 3.3.

Lemma 3.5. (See [21]-Remark 2.12) Let V' be a separable and reflexive Banach space and A, M :
V' — V' such that.

(i) Ais a pseudo-monotone operator;
(ii) M is a bounded, hemicontinuous and monotone operator;

then A+ M is pseudo-monotone.

Lemma 3.6. (See [29], Corollary 2.2). If an operator A is of type (M), bounded and coercive from
a separable Banach space to its dual, then A is surjective.

Proof of Theorem 3.3. Let
< Acu,v >=< Au,v > + < Gou, v >,
where
< Au,v >= / a(z,u, Vu).Vudr, < Geu,v>= E/ |VulP+2VuVodz
Q Q
and

< Beu,v >= / Be(u)vdx + 5/ lu|P+~2uvdx + )\/ T1 (u)vdo,
Q Q o9 °
with u,v € Xj.

Set C. = A, + B.. The proof of Theorem 3.3 is done in three claims.

Claim 1: C. is bounded.

From Holder type inequality and (1.4) with the variable exponent p(z, z) replaced by p4,
A is bounded. Moreover, using the same argument as in [4]-Proof of Lemma 4.2, the fact
that j. is a lipschitz continuous function with 3.(0) = 0 and as WP+ (Q) — L>(Q) for
p+ > N, we prove that G. + B. is bounded. Therefore, C. is bounded.
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Claim 2. C. is of type (M).
Let (us)s>0 be a sequence in X, such that

us — u in Xy
C.us — x in X

limsup < Coug,us >=< x,u > .
6—0

We will prove that x = C.u.
By Fatou’s Lemma, we deduce that

lim inf </ ﬂs(u(g)u(;dz+)\/ T;(u(;)u(sdaJrs/ |u(;|p+dx)
=0 Q o ° Q
Z/ﬁg(u)uda:—&—)\/ T. (u)ud0+5/ |ulP+dx.
Q o ° Q

Moreover, thanks to Lebesgue dominated convergence Theorem and the fact that
us[P+~2us — [uP+~2u in LP+(Q),

we obtain

lim (/ Be(us)vdr + )\/ T (U5)1}d0+8/ |u5|P+—2u5vdx)
=0\ Jo o ° Q
= / Be(u)vdr + A T1 (u)vdo + 5/ JulP+~2uvdz,
Q an  c Q
for any v € Xy. Thus, as § goes to 0, it follows that
Bougs — B(u) + AT1 (u) + elulP+2u in X,

So,
Acus — x — (Be(u) + AT1 (u) + elulP*%u) in X{, as § — 0.

It remains to prove that A, is of type (M). Notice that, G. is bounded, hemicontinuous,
monotone and A is pseudo-monotone (See [24], proof of Theorem 3.1-Step 2). Therefore,
it follows from Lemma 3.5 that A. = A + G, is pseudo-monotone.

So, the operator A, is of type (M) (see, [21]-Proposition 2.5) and we immediately have

Au+ Gou=x — (B=(u) + AT1 (u) + elulP+2u).
Thus, we obtain C.u = .

77

For more details regarding operator of “type (M)”, “calculus of variation properties” and
“pseudo-monotonicity”, see [29, 21].

Claim 3: C. is coercive.
Using (1.5) with constant exponent, we get

< Ceu,u> = /a(x,u,Vu).Vudx—&—/BE(u)udx
Q Q

+ A T (u)udx + 5/ [JulP* + |VulP+]da
o © Q

1
> —/|Vu|p+dx+5/|u|p+dx
G2 Jo Q
1
> P+ o .
> Cllul Wirs ()’ where C mln{CQ,a}
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We deduce that
< Cu,u >
— 00 as ||u\|W1,p+(Q) — 0.
lullypres
Hence, C. is coercive. Then, according to Lemma 3.6, C. is surjective.
Let F. = (T1(f),T1(g)) € E' C X{, then there exists at least one solution u. € X of the
problem
< Cottg,v >=< F.,v >, forall v e Xg.

Therefore, u. is a weak solution of the problem P(f5., f, g ). O

Step 2. A priori estimates.
This part is divided into several assertions and lemmas.

Assertion 1.
(i) The sequence (B (u.))<>0 is uniformly bounded in L!().
(ii)

(3.15) /\/69 T (ue)|do < (| FllLico) + 19l o0)-

(iii) The sequence (us)e>0 is such that

(3.16) ||uEHW1,p,(Q) < const(p_,Q, 1, g).

Proof. Taking v = Ty (u.) in (3.14) and the fact that all the terms of the left hand side in the
resulting equality are nonnegative, one deduces that

/ Be(u) Te(us)dz < [ foTu(us)da + / GeTh(ue)do < k(| s + gl o)
Q Q

o0
and
3 DTt < | T+ [ g Tiue)de < Ko + lallon)
Q Q Q

Dividing the above inequalities by k and letting & goes to 0, it follows that

/Q 1B-(u2)|da < 111122 o) + lgllzs omy
and
A [ T30 do < sy + Nl sy

Hence, (i) and (ii) are proved.
(iii) Moreover, S, is a Lipschitz, continuous nondecreasing and surjective function, then
(ue)e>o is uniformly bounded in L!(Q). So, there exists a positive constant C5 such that

(3.17) / |ue|dz < Cs.

Hence,

- 1
Ue 1= meas(Q)/Qusdx < const(Q).

Furthermore, by using Poincaré-Wirtinger inequality, one has

/ |ue — e |P~dx < const(p—, Q)/ |Vue|P-dz.
Q Q
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Therefore,
P
/|u5|p*dx§const(p,,ﬂ)/ Vu8|pdx+’/d€dx
Q Q Q
Thus
(3.18) / |ueP—dx < C’4/ |Vue|P~dz + Cs,
Q Q

where Cy = cons(p—, 1) and C5 = const(p_, Cs,2) are two positive constants.
Moreover, since WP- () — C(Q), there exists a positive constant C such that

(319) ||u5||poo(g) CGHU‘5||€{;1,137 (Q)’
which implies that
P P P P
(3.20) [[ue | () = CGHU‘EHWLL(Q) and H“E”Loc(ag) < C6H“E||W1,p,(9)-

Using (1.5) on a(z, ue, Vu.) and Theorem 3.3, the sequence . satisfies

1
/ﬁg(us)uedx—i——/ |V ["Odz  + E(/ |Vu5|p+dx+/ |u5|p+daz> +)\/ T1(ue)uedo
Q C2 Jo Q Q a9 ©

< Jeuedx + / geusdo.
Q oQ
3.21)

Applying Young’s inequality on the right hand side of (3.21) and using the relation (3.20),
it follows that

/fsuedx + /gsuedo
Q o0

< [ Ufltuclda + | lgluclas
Q Q

< Hf||L1(Q)Hue||L°° ) + ||9||L1(Q)Hus||L°°(aQ)

S EeLAGES T LN (e S

p- FHE\405Cy (c +1) el (@)

4C5C(Cy + 1) b o

+ ( . ||9||L1 29\ 16, Cait 1) l|te || Lo (a02)
1 [(4C5C6(Cy +1) = 1 P o

< - 1 T A T AN £ oo

< (el 15+ - e e o
1 [(4C5C6(Cy +1) = 1 P

i ( p- Il o + b 10Ca(Cr+ 1) el oo
1 40206(04 + 1) p’

< —(—— - -

< o (real [T, ey L (N

(3.22)

Moreover, one has

(3.23) / |Vu.|P~-dz < meas(Q) _|-/ |Vue|™ O da,
Q Q
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since p_ < 7 (.).
Combining (3.18) and (3.23), we get
/Q |ue|P~dz < Cymeas(2) + C’4/Q (V. |™Odx + Cs.
We infer from above inequality and (3.23) that
lollyin gy = [ el +VuclJda

(3.24) (Cy + 1)meas() + Cs + (Cy + 1)/ V| ™ da
Q

IN

Furthermore, using (3.22) and (3.24), one obtains

/ feuedz  + / getedo
Q o0

1 4C2C6(C4+1) P
< (e A1 + 19155 o
meas(§)) Cs

_ WE(‘)d
2C, | 205(Cat1) 205 /Q [Vue]™ dz.
Combining (3.21) and (3.25), one has

o

(3.25)

/ﬁe Ue uedx—i——/ |V |"Odzr  + €||Ue||W1,p+(Q)

(3.26) + A T1(ue)uedo < Cr,
a0
where
1 [4CyC6(Cy 4 1) = meas(Q) Cs
Or = 2 (PN 1y + Mol om | + ™ + ST

Thus, we deduce from (3.26) that
(3.27) / |Vu.|™dz < C.
Q

Now, using (3.24) and the last inequality, we infer

”U‘E HWl’Pf () S COTLSt(])f, Qv fv g)
and (iii) follows. O

Lemma 3.7. (ug)e>0 converges a.e. to v on OS.

Proof. (uc)e>o being uniformly bounded in WP~ (Q), then, up to extraction of a subse-
quence still denoted (u. )., it converges a.e. in Q (and also weakly in WP~ (Q2)) to a
limit .

We know that the trace operator is compact from W1 () into L (912). Note that, W!P-(Q) —
WhH(Q) because p_ > 1. Therefore, u. — u in L'(9f2) and a.e. on 91, as ¢ — 0. Thus,

v = u)pn Mmake sense. O
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Remark 3.2. Using (3.16) and the compact embedding W'P=(Q) — LP-(Q), we get that, for a
subsequence still labelled with € and a function u,

(3.28) ue —u in WHP=(Q), as e — 0;
(3.29) Vus — Vu in LP~(Q), as € — 0;
(3.30) ue = u in LP=(Q), as ¢ — 0;
(3.31) Ue —> u ae in Q, as € — 0.

Moreover, (ﬁg(ug))DO is uniformly bounded in L' (). Then, up to a subsequence still labelled
with €, there exists z € My(Q2), such that

(3.32) Be(ue) = zin My(2), ase — 0.

Assertion 2.
The sequence (Vu.).>o converges to a Young measure v;(A) on RY in the sense of the
nonlinear weak-* convergence, and

(3.33) Vu = / Advg(N).
RN

Proof. From (3.29) and (3.31), up to extraction of a subsequence still labelled with ¢, (u)<>0
converges a.e. in  to a limit v and Vu. weakly converges to Vu in LP-(2). More-
over, (Vu,).>o being bounded, is equi-integrable on 2. Then, using the representation
of weakly convergent sequences in L'() in terms of Young measures (see Theorem 2.1
and formula (2.10)), we can write

Vu = Adv; ()N).
RN

O

Assertion 3
|A|7() is integrable with respect to the measure v, (\)dz on RY x ), moreover, u € W()(Q).

Proof. We know that 7. converges in measure to 7. Using Theorem 2.1 ii), iii), (7., Ve )es0
converges in R x RY to the Young measure ji; = 0,(;) ® 5. Thus, we can apply the weak
convergence properties (2.9) to the Carathéodory function

Fo o (2,00, 0) € Q x (R xRY) = |2y, (V)]

with m € N, where h,, is defined in the preliminary. We have
[ Qe = o (Mgt (Mg, Nz
QxRN QX (RxRN)

= // Fr(z, Ao, A)dpz (Mo, A)dx
Q JRXRY

= lim [ F(z,7(z), Vu.(x))dz
e—=0 Jo

= lim/ | (Ve )| dac
Q

e—=0

IA

lim/ |V ™ dz
Q

e—=0

Cs.

IN
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Since h,,(A) — A, as m — oo, using Lebesgue convergence Theorem, as m +— h,,()) is
increasing, we deduce that

/ A dy, (N dz < Cs.
QxRN

Hence, |A|"() is integrable with respect to the measure v, (\)dr in RY x Q.
Now, we prove that Vu € L™)(Q). Using (3.33), Jensen inequality and the last inequality,

we get
/|Vu|”(‘)dx:/ / Advz(N)
Q Q RN

Thus, Vu € L™ (). Moreover, u € L™ (Q). Indeed, u € WP-(Q) € L>(Q) c L™ (Q).
Hence, u € W) (Q). O

()
de < / A" du, (N)dz < co.
QxRN

Assertion 4
The sequence (D, ).>¢ defined by ®. := a(z, u., Vu,) is equi-integrable in Q.

Proof. By using (1.4) with exponent 7.(.), we obtain

la(z, ue, Vue)|™ ) < Cy(|Vue O + M(z)).

The above inequality give us

la(z, ue, Vue)| < C((1 + |V [™0) + M(z)) 7O
me ()
< C((1+ M(@) 7T + |[Vu | 70)

< C(1+ M(x) + |Vu ™1,

Forallset E C €,

IIXEll L~ (@)

/ la(z, ue, Vue)|dz < C’/(1+M(x))dx+00nst(p_)‘"Vue“5(')1
E E LG (Q)

The first term of the right hand side of the last inequality above is small for meas(E) small
enough, since 1 + M € L*(Q).
According to Proposition 2.1, we obtain

1 1

IxE|l Lm0 (@) < max {pwe(.)(XE)”+ i P () (XE) -

} o {(meas(E))”i, (meas(E))7- }

1 1
< maX{<pﬂ_é(.)(|quﬂ'e(-)1)(P’)+)7<pﬂ_;(‘)(|vua|ﬂ's(-)1)(;0’)—)}
Lm0 (Q)
@y @)
P pY)—
e (o). frmer)™ )
Q Q

Using (3.27), / la(z, ue, Vue)|dz is small for meas(E) small enough.
E

Analogously,

775(')_1

A

o

Hence, (®.).>0 is equi-integrable. O
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Assertion 5 (See [24], Assertion 4).
The weak limit ® of (®. ). (or a subsequence) belongs to L™ ) (Q) and we have

(3.34) O(x) = /]RN a(x,u(x), \)dvg(N).
Assertion 6

(3.35) /Qq).Vudx 2/ a(z,u(x), A).Advy (N)dz.

QxRN

Proof. Forall p € C*(Q), we have

/5E(u€)g0dx—|—/a(x,uE,VuE).Vapdac + )\/ T (ue)pdo
Q Q o9

B

+ E/ [[Vue [P+ ?Vu. Vo + [ue [P+ 2ucp]dz
Q
(3.36) = / fepdx + / gepdo.
Q o0
Letting € goes to 0 in (3.36), one has
(3.37) / pdz + / d.Vodx + /\/ updo = / fedx + / gpdo,
Q Q o0 Q 2Q

thanks to (3.32), Assertion 5, Lemma 3.7 and (3.26).
By the density argument we can replace ¢ with u. in (3.36) to get

/Bs(ug)ugdx—l—/a(x,uE,VuE).Vude + )\/ T (ue)ucdo
Q Q N

o)
+oe [ [V e
Q
(3.38) = / feuedr + / geuedo.
Q re)
Since u € WH™)(Q) ¢ W'P-(Q) c C**(Q) and p(.,.) is locally uniformly log-Holder
continuous, then the exponent 7(.) verifies (2.7). Therefore, C>(Q) is dense in W*17()((Q),

so, we change ¢ by u in (3.37) to obtain

(3.39) /udz—l—/ . Vudx + A uzdcr:/fuda:—l—/ gudo.
Q Q a0 Q a0

By Fatou’s Lemma, one has

(3.40) liminf [ Be(ue)uedr > / udz
e—0 Q Q
and
(3.41) lim inf A T1(us)uedo > A u?do.
£0 o ° oQ

Moreover, the sequence (f.u.).>o converges a.e. in {2 to fu and

| feue| < |f|HUEHL°°(Q)~

(ue)e>0 is also uniformly bounded in L>°(©2). Applying Lebesgue dominated convergence
Theorem, we get

(3.42) lim faugdx—/fudw

e—0
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In the same manner,

(3.43) lim gsuadaz/ gudo.
20 aQ

e—0

Combining (3.40), (3.41), (3.42) and (3.43), one obtains

hmmf (/ fausdx—&—/ g€u8d0> —/udz—)\ u?do
a0 Q o0
(344) > liminf (/ fgus—l—/ ggugda—/ﬂg(ug)us)dx—)\/ Tl(ug)u5d0>.
=0 Q o0 Q o °

By using (3.38), (3.39), the last inequality and the definition of ®., we get

/ ®.Vudx > hmmf/ <<I>5.Vu8 + €[|Vu5|p+ + |us|p+]>dw > lim iglf/ d, Vu.dx.
Q e Q

e—0

Hence,

(3.45) /@.Vuda: > liminf/ d..Vudzx.
Q Q

e—=0

By ([1], Lemma 2.1), m — a(x, ue, hm(Vue)).hym(Vue) is increasing and converges to
a(z, ue, Vue).Vu, for m large enough; then,

a(x, Ue, b, (Vug)) . (Vue) < a(z, ue, Vue ). Vue.
Therefore, by using (3.45) and Theorem 2.1, we have

e—0

/CIJ.Vudx > liminf/ .. Vudx
Q Q

> lim [ a(x,uc, hpm(Vue)) b (Vue)de

e—=0 Jo
(3.46) _ / (2,1, B (N)) oo (A) s (V).
QxRN
Using Lebesgue convergence Theorem in (3.46), as m goes to oo, we get (3.35). O

Assertion 7
The “div-curl” inequality holds.

/QxRN (a(z,u(z),N) — a(z, u(z), Vu(z)) (A = Vu(z))dv,(N)dz < 0.
Proof. We have
/ (a(z,u(x), ) — a(x,u(z), Vu(z)))(A — Vu(z))dv, (N)dx
QxRN

= x), A).Advy (N)dx 7/ a(z,u(z), X).Vu(x)dvg (N)dz

QXRN QXRN
- /Q>< z), Vu(x)). /\dlfw(/\)da:—F/QXRN a(z,u(z), Vu(x)).Vu(z)dv,(N)dx
= /QX]RN ), \). )\dz/x(/\)dx—/g (/RN a(x,u(x),/\)de(A)>VU($)d$

- /Qa( x)).(/RN )\dyx)da:+/Qa(x,u(x),Vu(x)).Vu(x)(/RN duw)dx

_ / ), ). )\d%()\)d:rf/ ®.Vudz < 0.
XRN Q
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We pass from the first equality to the second equality by using Fubini’s Theorem and from
the second inequality to the third one, by using (3.33) and the fact that v, is a probability
measure on RY. Finally, (3.34) and (3.35) give us the desired inequality. O

Assertion 8
O(z) = a(z,u(x), Vu(z)) a.e. z € Q and Vu, converges to Vu in measure on €2, as ¢ — 0.

Proof. From Assertion 7 and relation (1.3), we deduce that
(a(z,u(z),N) — a(z,u(x), Vu(z))) (A — Vu(z)) =0 ae. z€Q, Ie€ RV,

Thus, A = Vu(z) a.e. z € Q wrt v, on RY; therefore v, (Vu(r)) = 1 and 0y, = v,. By
using (3.34), we get

O(x) = / a(z,u(z), \)dvy(N\) = a(z,u(z), Vu(z)) ae z €.
RN
Thus, according to Theorem 2.1 (ii), Vu. converges in measure to Vu. [l

Lemma 3.8. (i) u € L'(99).
(i) (ue)eso is uniformly bounded in L*(Q).
(i) u € dom(B) LN —a.e. in Q and Ty,(u) € WH0)(Q).

Proof. (i) Using Lemma 3.7, it follows from Fatou’s Lemma that

/mmgmm/uwmwgwyﬁ+wwm.
a0 20 Joao  © A

Hence, u € L'(99).

(ii) Follows from (3.17).

(iii) Since (B:(ue))e>o is uniformly bounded in L'(Q2) and v, — u in L'(Q), as € — 0,
then u € dom(B) LN —a.e. in €, thanks to Lemma 2.2. Furthermore, as u € W17 (Q),
then Ty (u) € WH™()(Q), thanks to Lemma 2.1. O

Lemma 3.9. (See [25], Lemma 3.12)
Forall o € C*(Q) and h € CL(R),

/a(w,uE,Vug).V(h(uE)go)dm%/a(:v,mVu).V(h(u)g&)d:v = h(uw)a(z, u, Vu)Vdz
Q Q

S~ 5—

b (u)a(z, u, Vu)Vupdr,
(3.47)
as € — 0.
Lemma 3.10. The problem P(f3, f, g) admits at least one renormalized solution.

Proof. We consider ¢ € C*°(Q), h € CL(R) and h(u.)yp as a test fonction in (3.14). One has
/ a(z, ue, Vue).V(h(us)p)dr  + 5/ [[Vue [P+ *Vu.. V(h(u)p) + ue [P+ 2uch(u. ) o) da
Q Q

+ /Q,é’g(ug)h(ug)cpdx—|—)\/8 ueh(ue)pdo

Q

(3.48) = /Qfah(ua)(pdx"f' /89 geh(uz)pdo.
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First of all, we prove the convergence of the third term of the left hand side of (3.48). Let
us consider the following decomposition,

(3.49) /Qﬂg(ug)h(ue)wdx:/QBE(uE)[h(ug)—h(u)]goda;—i—/gﬂe(ug)h(u)godm.

The sequence (ﬂg(ug) [h(us) — h(u)]e is uniformly bounded in L*(Q) and it con-

>0
vergesto 0 a.e. in 2, ase — 0. Thereforef thanks to Vitali’s Theorem, the first term of the
right hand side of (3.49) converges to 0, as ¢ — 0. For the second term of the right hand
side of (3.49), we have

i [ Beluc)buede = [ heds

e—0

due to (3.32), the fact that h(u)p € C.(2) and the density argument between C.(2) and
Co(Q). Thus, passing to the limit in (3.49), as ¢ — 0, we get

(3.50) lim/ﬂe(ug)h(us)godx:/h(u)godz.
e=0 Jo Q

From the Lebesgue dominated convergence theorem, one gets

(3.51) lim fgh(ug)cpd:vz/fh(u)godaz
e—=0 Jo Q

and

(3.52) lim gsh(us)gadaz/ gh(u)edo.
¢=0 Jaa a9

For the first term of the left hand side of (3.48), one has

lim a(x,ue,VuE).V(h(uE)go)d:L‘:/
e—=0 Jo Q

(3.53)
thanks to the Lemma 3.9. For the second term of the left hand side of (3.48), one gets

h(u)a(w,u,Vu)V@dm—&—/ h' (u)a(x, u, Vu)pVudz,
Q

(3549  lime / [Vt P2 VeV (h(ue)) + el 2 (h(ue) o) da = 0.
E—r QO

We are now interested to the last term of the left hand side of (3.48). Using Lebesgue
dominated convergence theorem, we obtain

(3.55) Hm)\/ uh(ue)pdo = )\/ uh(u)pdo.
=0 Jaa 89

Indeed, (u.)e0 is uniformly bounded in W17~ (Q) and WP~ (Q) < C(Q) for p_ > N.
Then, (uc)e>o is uniformly bounded in L>(952). Moreover, |u:h(u:)p| < Clluc||z~ o)
and u.h(u:)p — uh(u)p a.e on 0. So, using (3.50), (3.51), (3.52), (3.53), (3.54), (3.55) and
(3.48), we get

/Qh(u)cpder/Qh(u)a(x,u,Vu)Vgpdz + /Qh(u)a(x,u,Vu)Vucpda:

+ /\/89 uh(u)pdo = /th(u)god:c + /aQ gh(u)edo,
(3.56)
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for all ¢ € C>(Q) and for all h € C}(R). Since C*°(Q) is dense in W' 7()(Q2), then, (3.56)
holds true with ¢ € W1™()(Q) N L>(Q) i.e

/Qh(u)cpdz—i-/Qh(u)a(a:,qu)Vgodx + /Qh’(u)a(x,u,Vu)Vugodx

+ /\/BQ uh(u)pdo = /th(u)goda? + /BQ gh(u)pdo,
(3.57)

for all p € Wm()(Q) N L>(Q) and for all h € C}(R), which implies that z € M7 (Q).
Now, we give a Radon Nikodym decomposition result of the measure z.

Lemma 3.11. (See [25]-Lemma 3.15)
The Radon Nikodym decomposition of the measure = given by (3.57) with respect to L,

z=wlN +p, withp L LV,
satisfies the following properties.
we Bu)LN — aeinQ, weLY(Q), ue /\/12(')((2),

't is concentrated on [u = M| N [u # oo]and
" is concentrated on [u = m] N [u # —oo].

Using the Radon Nikodym decomposition of measure z, the first term of (3.57) becomes

(3.58) /h(u)tdeZ/h(u)wgadx—F/ h(u)pdp.
Q Q Q
Combining (3.57) and (3.58), we obtain

/h(u)wgoder/h(u)a(x,u,Vu)Vgpd:z: + /h’(u)a(x,u,Vu)prdx
Q Q Q

+ /Qh(u)godqu)\/aQuh(u)goda

= / fh(u)pdz + / gh(u)edo,
Q o9
(3.59)
for all o € WHT)(Q) N L>(Q).
To end the proof of Theorem 3.2, we prove that

(3.60) a(z,u, Vu).Vudz = 0.

lim /
M — oo [M<|u\<M+l]

Since |[Vu| € L™ (1), then using (1.4) with variable exponent (.), a(x, u, Vu) € L™ ()(Q)
and it follows from Holder type inequality that a(z, u, Vu).Vu € LY(Q).

Moreover, u € W1P-(Q) c W11(Q), which implies that / |u|dz < oo. Therefore,
Q

/ |uldx > / luldz > Mmeas([|u| > M]).
Q [[ul>M]
Then,

1 C
. > < — < —
(3.61) meas([|u| > M]) < 7 /Q luldz < U
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for any M > 0 and C a positive constant not depending of /M. Now, one has

a(z,u, Vu).Vudr < / a(x,u, Vu).Vudx
[\u|>Mj|

/[M<|u|<M+1}
(3.62) < /[u|>M] a(x,u, Vu).Vudz.

Since meas(|[|u| > M]) — 0, as M — oo, thanks to (3.61) and as a(z,u, Vu).Vu € L'(Q),
then

lim a(x,u, Vu).Vudx = 0.

Hence,
lim a(x,u, Vu).Vudz = 0.
M=20 J I <ful<M+1]

Finally, using Lemma 3.8, Lemma 3.11, (3.59) and (3.60), we deduce that (u, w) is a renor-
malized solution of problem P(8, f, g). O

The above proof conclude the proof of the existence result. O

One makes the following assumption on the function a, namely the local Lipschitz conti-
nuity with respect to z (see [2] where this assumption was used and commented).
For all bounded subset K of R x RY, there exists a constant C'(K) such that

ae. xz€Q, forall (z,1),(2,n) € K,
(3.63) la(z, 2,m) = alz, 2,n)| < C(K)[z - Z|.
Remark 3.3. Let (u,w) be a renormalized solution of the problem P(B, f,g), then u € C(Q),
since u € WHP=(Q) < C(Q) for p- > N. Moreover, if u is a Lipschitz continuous function,
then uw € Wh(Q). Indeed, Q is an open bounded domain with smooth boundary 0%}, so, the
space of Lipschitz functions C%1 () and W1:°°(Q) are homeomorphic and they can be identified.

The uniqueness in the sense of Theorem 3.2 seems difficult to prove. So, the following uniqueness
result reduces to the case where the domain of (5 is bounded (named a partial uniqueness result).

Theorem 3.4. Assume (1.2)-(1.6) and (3.63), with M in (1.4) which can be taken constant.
Assume that —oo < m < 0 < M < oo. Moreover, assume that f € L'(Q) and g € L*(09)
such that the problem P (8, f,g) has a solution (u,w) in the sense that: u is a measurable and
Lipschitz continuous function such that Ty(u) € W™C)(Q) for all k > 0, u € L'(9) and
u € dom(B) LN a.e. Q, w € LY(Q) and w € B(u) LY a.e. Q; and there exists a measure 1 €

MZ(')(Q) such that o L LN | i is concentrated on [u = M|, ™ is concentrated on [u = m)|
such that

(3.64) /wgodx—!—/a(:c,u, Vu)V(pdx—l—/(pd,u+)\/ ugpda:/fgodx—k/ gpdo,
Q Q Q 0 Q a0

forall o € WH0)(Q) N L>®(Q).
Then, any other solution (@, W) of the problem P(3, f, g) in the sense of equality (3.64) associated
to i € MY (Q), coincides with (v, w) i.e

u=1u a.e. onds),

w = a.e. in Q

and

p=fi.
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Before starting the proof of Theorem 3.4, we justify the relation (3.64). Let us consider the
function hj, where k is a positive constant such that

hi, € CHR), hi(s) >0, Vs € R,

hi(s) =1 if |s| < kand hi(s) = 0if |s| > k.

Since the domain of 3 is bounded and the equality (3.59) holds for any h € C}(R), we
choose h(s) = hi(s) =1in (3.59), forall s € [m, M| C [ —k, k] = supp(hy). One obtains

/wgodx—i—/a(x,u,Vu).Vgodx+/<de+)\/ uapda:/fgodx—i—/ gedo,
Q Q Q ET) Q a0
(3.65)

for all o € WHT)(Q) N L>(Q).

Proof of Theorem 3.4. For more details, see [2]-Proof of Theorem 2.8 and [24, 25].

Let (u1, w1 ) be a solution of the problem P(8, f, g), with u; Lipschitz continuous function
and (ug,wz) be an other solution of the problem P(S, f, g) in the sense of the equality
(3.64).

1
Let ¢ := ETk(ul — ug), then ¢ is an admissible test function in the formulations for both

(u1,wy) and (ug, we). So, with this test function, one has
1 1
/ w1 =Tk (ug —ug)dx + 7/ a(z,ur, Vur). V(U1 — U2)X[0<|uy —us | <k] 4T
o k k Ja

1 1
+ / ka(ul — Ug)d/,bl + )\/ ulka(ul — UQ)dU
Q k o0 k

1 1
(3.66) = / fka(ul - UQ)CZQS +/ ngk(ul - u2)d(7
o' k oo k
and

1 1
/ U)QETk(ul —ug)dr + E/ a(z, uz, Vuz).V(u1 — U2)X[0<u —us|<k) 4T
Q Q

1 1
+ / —T(ur — ug)dps + )\/ ug =T (ur — ug)do
ok o Kk
1 1
(3.67) = / f=Tk(u; — ug)dx +/ g=Tk(ur — uz)do.
o'k ook
We substract (3.66) and (3.67) to get
1
E/Q (alz,u1, Vur) — alz, uz, Vug)). V(U1 — u2)X[0< |u; —us|<k] AT
1 1
+ / (w1 — 'LUQ)%T]C(Ul — UQ)CZI +/ %Tk(ul — UQ)(d/,Ll — dug)
Q Q
1
(3.68) + A =Tk (ug — ug)(uy — ug)do = 0.
oa k
Let’s denote by I the first term of the left hand side of (3.68). We know that
(a(z,u1, Vur) — a(z,uz, Vu2))V(uy —uz) = (a(z,ur, Vur) — a(z,uz, Vuq))V(ug — uz)

+  (a(z,u2,Vuy) — a(x,uz, Vuz))V(ug — usg).

>0
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One has

1
I=1 +/ (a(z, ug, Vuy) — Q(I,Umvltz))%v(m — U2) X[0<|ur —uz | <k] AT,
Q
where
1
Iy = / (a(z,u1, Vuy) — a(%umVUl))%V(ul = U2) X [0<|uy —us| <k AT
Q

Let’s show that I, — 0 as k& — 0. Since u; is bounded, then u5 is also bounded on the set
[0 < |u1 — ug| < k. Thus, using (3.63), one obtains

1
[Ix] < f/ la(z, w1, Vuy) — a(x, ug, Vuy)||Vuy — Vug|dx

ke J10< us —uz|<H]
1

<4/ C (1t (2 [V e ) a1 — wal [Vt — V|

[0<|ur —usz|<k]
< O(|luallze @), 1Vur |l L @) / |Vuy — Vug|dz — 0, as k — 0.
[0<]ur —u2|<k]
(3.69)

Notice that %in}) meas([0 < |uy —ug| < k]) = 0and |Vu; — Vuz| € LY(Q).
—
For the second term of the left hand side of (3.68), one has

lim (wl - wg)lTk(Ul —ug)dx = / (w1 — wa)signg(uy — ug)dx
k—0 Jq k Q
(3.70) = |wy — wa|dx.
Q
For the third term of the left hand side of (3.68), one has
1 .
lim [ —Tg(uy —u2)(duy — dps) = / signg(ur — ug)(dpy — dusz)
k=0 Jo k Q
= / |dp1 — dpa|
Q
371 = |t = ).

For the last term of the left hand side of (3.68), one obtains

1
(3.72) lim A =Tk (ug — u2)(uy — ug)do = )\/ ‘ul — uglda.
k=0 Jaq k o0

Finally, one lets & goes to 0 in (3.68) and taking into account the relations (3.69), (3.70),
(3.71) and (3.72), it follows that

. 1
lim (a(m, ug, Vuy) — a(z, usg, VUQ)) =V (U1 — U2)X[0<|us —us|<k] AT
k—0 9] k

+ /\wl—w2|dx+/ |d(,u1—p2)|+/\/ lur — ts|dor = 0.
Q Q o0
(3.73)

Since all the terms of equality (3.73) are nonnegative, it follows that

/|w1—w2|dx:0, /|d(u1—u2)|=0and/ |ur — ugldo = 0.
Q Q o9

Hence,
w; = we a.e.in Q, pu; = ps and u; = us a.e. on IN.
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4. CONCLUSION

In this work, we studied the existence and the partial uniqueness results of renormal-
ized solutions. The main existence result in Theorem 3.2 is obtained thanks to the technic
of pseudo-monotone operator in Banach space and the weak convergence method associ-
ated to the Young measure. Our uniqueness result in Theorem 3.4 is obtained by adding
two additional assumptions: the first one on the operator a(z, s, {) and the second one on
the domain of 3 which is assumed bounded, which leads to a partial uniqueness result
for us since these two assumptions were not used to prove the existence of solutions (see
Theorem 3.2).

Funding The authors have not disclosed any funding.

Data availability Data sharing not applicable to this article as no datasets were generated
or analyzed during the current study.

Declarations

Competing interests The authors have not disclosed any competing interests.

REFERENCES

[1] Andreianov, B.; Bendahmane, M.; Ouaro, S. Structural stability for variable exponent elliptic problems. 1.
The p(z)-Laplacian kind problems. Nonlinear Anal. 73 (2010), 2-24.

[2] Andreianov, B.; Bendahmane, M.; Ouaro, S. Structural stability for variable exponent elliptic problems, II:
The p(u)-Laplacian and coupled problems. Nonlinear Anal. 72 (2010), 4649-4660.

[3] Antontsev, S. N.; Rodrigues, J. F. On stationary thermo-rheological viscous flows. Ann. Univ. Ferrara Sez. VII
Sci. Mat. 52 (2006), no. 1, 19-36.

[4] Azroul, E.; Barbara, A.; Benboubker, M. B.; Ouaro, S. Renormalized solutions for a p(x)-Laplacian equation
with Neumann nonhomogeneous boundary conditions and L'-data. Ann. Univ. Craiova. Math. Inform. 40
(2013), no. 1, 9-22.

[5] Ball, J. M. A version of the fundamental theorem for Young measures. PDEs and continuum models of
phase transitions. Lecture Notes in Phys. 344 (1988), 207-2015.

[6] Benboubker, M. B.; Ouaro, S.; Traoré, U. Entropy solutions for nonhomogeneous Neumann problems in-
volving the generalized p(x)-Laplacian operators and measure data. J. Nonlinear Evol. Equ. Appl. Volume
2014 (2025), no. 5, 53-76.

[7] Betta, M. F; Guibé, O.; Mercaldo, A. Neumann Problems for nonlinear elliptic equations with L data. J.
Differ. Equations. 259 (2015), no. 3, 898-924.

[8] Blomgren, P; Chan, T.E; Mulet, P.; Wong, C. Total variation image restoration: numerical methods and
extensions. In: Proceedings of the IEEE International Conference on Image Processing, IEEE, Los Alamitos, CA.
vol. III (1997), 384-387.

[9] Bollt, E.; Chartrand, R.; Esedoglu, S.; Schultz, P; Vixie, K. Graduated, adaptive image denoising: local
compromise between total-variation and isotropic diffusion. Adv. Comput. Math. 31 (2007), 61-85.

[10] Brezis, H. Opérateurs maximaux monotones et semigroupes de contractions dans les espaces de Hilbert. North
Holland, Amsterdam, 1973.

[11] Brooks, J.; Chacon, R. Continuity and compactness of measures. Adv. in Math. 37 (1980), 16-26.

[12] Chan, T.; , Esedoglu, S.; Park, E; Yip, A. Total Variation Image Restoration: Overview and Recent Devel-
opments. In Handbook of mathematical models in computer vision. Edited by N. Paragios, Y. Chen and O.
Faugeras. Springer, New York. (2006), 17-32.

[13] Chen, Y.; Levine, S.; Rao, M. Variable exponent, linear growth functionals in image restoration. SIAM.
J.Appl. Math. 66 (2006), 1383-1406.

[14] Chipot, M.; de Oliveira, H. B. Some results on the p(u)-Laplacian problem. Math. Ann. 375 (2019), no. 1-2,
283-306.

[15] Diperna, R. J; Lions, P. L. On the Cauchy problem for Bolzmann equations : Global existence and weak
stability. Ann. of Math. 130 (1989), no. 2, 321-366.

[16] Dolzmann, G.; Hungerbiihler, N.; Miiller, S. The p-harmonic system with measure valued right hand side.
Ann. Inst. H. Poincaré, Anal. Non Linéaire. 14 (1997), no. 3, 353-364.



452 Noufou SAWADOGO and Stanislas OUARO

[17] Eymard, R.; Gallotiet, T.; Herbin, R. Finite volume methods. Handbook of numerical analysis. North-Holland.
Vol. VII (2000) , 713-1020.

[18] Hungerbiihler, N. Quasi-linear parabolic systems in divergence form with weak monotonicity. Duke Math.
J. 107 (2001), no. 3, 497-520.

[19] Hungerbiihler, N. A refinement of Ball’s theorem on Young measures. New York J. Math. 3 (1997), 48-53.

[20] Igbida, N.; Ouaro, S.; Soma, S. Elliptic problem involving diffuse measure data. J. Differ. Equations. 253
(2012), no. 12, 3159-3183.

[21] Lions, ]. L. Quelques méthodes de résolution de problemes aux limites nonlinéaires. Dunod. Gauthier-Villars,
Paris, 1969.

[22] Ouaro, S.; Ouedraogo, A. L'- Existence and uniqueness of entropy solutions to nonlinear multivalued
elliptic equations with homogeneous Neumann boundary condition and variable exponent. . Partial Differ.
Equations. 27 (2014), no. 1, 1-27.

[23] Ouaro, S.; Sawadogo, N. Structural stability for nonlinear Neumann boundary p(u)-Laplacian problem.
Discuss. Math. Differ. Incl. Control and Optim. 39 (2019), 81-117.

[24] Ouaro, S.; Sawadogo, N. Structural stability for nonlinear p(u)-Laplacian problem with Fourier boundary
condition. Gulf ]. Math. 11 (2021), no. 1, 1-37.

[25] Sawadogo, N.; Ouaro, S. Nonlinear multivalued homogeneous Robin boundary p(u)-Laplacian problem.
Annals of Mathematics and Computer Science. 24 (2024), 57-84.

[26] Ouaro, S.; Tchousso, A. Well-posedness result for a nonlinear elliptic problem involving variable exponent
and Robin type boundary condition. Afr. Diaspora J. Math. 11 (2011), no. 2, 36-64.

[27] Pedregal, P. Parametrized measures and variational principles. Progress in Nonlinear Differential Equations and
their Applications. 30. Birkhauser, Basel, 1997.

[28] Ruzicka, M. Electrorheological fluids: modeling and mathematical theory. Lecture Notes in Mathematics,
Springer-Verlag, Berlin, 1748 (2002).

[29] Showalter, R. E. Monotone operators in Banach space and nonlinear partial differential equations. Mathematical
surveys and monographs, American Mathematical Society, 49 (1997), 278 p.

[30] Tiirola, J. Image denoising using directional adaptive variable exponents model. |. Math. Imaging. Vis. 57
(2017), 56-74.

[31] Wang, L.; , Fan, Y.; Ge, W. Existence and multiplicity of solutions for a Neumann problem involving the
p(z)—Laplace operator. Nonlinear Anal. 71 (2009), 4259-4270.

[32] Yao, J. Solutions for Neumann boundary value problems involving p(z)-Laplace operator. Nonlinear Anal
(TMA). 68(2008), 1271-1283.

1 UNIVERSITE LEDEA BERNARD OUEDRAOGO, UFR. SCIENCES ET TECHNOLOGIE, DEPARTEMENT DE
MATHEMATIQUES ET INFORMATIQUE, 01 BP 346 OUAHIGOUYA 01, OUAHIGOUYA, BURKINA FASO, LABORA-
TOIRE DE MATHEMATIQUES ET D'INFORMATIQUE (LA.M.I)

Email address: noufousawadogo858Ryahoo.fr

2 LABORATOIRE DE MATHEMATIQUES ET D’INFORMATIQUE (LA.M.I), UFR. SCIENCES EXACTES ET AP-
PLIQUEES, UNIVERSITE JOSEPH KI ZERBO, 03 BP 7021 OUAGA 03, OUAGADOUGOU, BURKINA FASO
Email address:  ouaro@yahoo.fr



