
CREAT. MATH. INFORM.
Volume 35 (2026), No. 3,
Pages 429-452

Online version at https://creative-mathematics.cunbm.utcluj.ro/

Print Edition: ISSN 1584 - 286X; Online Edition: ISSN 1843 - 441X

DOI: https://doi.org/10.37193/CMI.2026.03.09

Nonlinear multivalued Fourier boundary p(u)-Laplacian
problem

NOUFOU SAWADOGO1 AND STANISLAS OUARO2

ABSTRACT. We study the following nonlinear multivalued Fourier boundary p(u)− Laplacian problem β(u)−
diva(x, u,∇u) ∋ f in Ω, a(x, u,∇u) · η + λu = g on ∂Ω. The existence and partial uniqueness results of
solutions for L1-data are posed.

1. INTRODUCTION

We consider the following nonlinear elliptic p(u)−Laplacian problem with Fourier bound-
ary condition.

P (β, f, g)

{
β(u)− diva(x, u,∇u) ∋ f in Ω

a(x, u,∇u) · η + λu = g on ∂Ω,

where Ω is an open bounded domain of RN (N ≥ 3), with smooth boundary, λ > 0, β is
a maximal monotone graph on R such that 0 ∈ β(0), a is a Leray-Lions type operator, η is
the outer unit normal vector on ∂Ω, f ∈ L1(Ω) and g ∈ L1(∂Ω), with g ̸≡ 0.
The problem P (β, f, g) can be seen as an extension of the following problem.{

b(u)− diva(x, u,∇u) = f in Ω

a(x, u,∇u) · η + λu = g on ∂Ω,
(1.1)

with b : R → R nondecreasing, normalized by b(0) = 0, studied by Ouaro and Sawadogo
(see [24]).
The problem P (β, f, g) is adapted into a generalized Leray-Lions framework under the
following assumptions.
a : Ω× (R× RN ) → RN is a Caratheodory function with

(1.2) a(x, z, 0) = 0 for all z ∈ R, and a.e. x ∈ Ω,

satisfying the strict monotonicity assumption

(1.3)
(
a(x, z, ξ)− a(x, z, η)

)
· (ξ − η) > 0 for all ξ, η ∈ RN , ξ ̸= η,

as well as the growth and the coercivity assumptions with variable exponent

(1.4)
∣∣a(x, z, ξ)∣∣p′(x,z) ≤ C1

(
|ξ|p(x,z) +M(x)

)
,

(1.5) a(x, z, ξ).ξ ≥ 1

C2
|ξ|p(x,z).
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Here C1, C2 are positive constants and M is a positive function such that M ∈ L1(Ω).
p : Ω× R → [p−, p+] is a Carathéodory function, 1 < p− ≤ p(x, z) ≤ p+ < ∞ and

p′(x, z) =
p(x, z)

p(x, z)− 1
is the conjugate exponent of p(x, z), with

p− := ess inf
(x,z)∈Ω×R

p(x, z) and p+ := ess sup
(x,z)∈Ω×R

p(x, z).

We assume that:

p− > N, p is uniformly log-Hölder continuous

on Ω× [−M,M ], for all M > 0.(1.6)

As example of functions which satisfies above assumptions, we can give the following.

(1) a(x, s, ξ) = |ξ|p(x,s)−2ξ, known as the p(., .)-Laplacian operator.

(2) a(x, s, ξ) =
(
1 + |ξ|2

) p(x,s)−2
2 ξ, known as the mean curvature operator.

Although the p(x)-Laplacian kind problems have been extensively used in mathematical
modelling in the last twenty years (some of the references are listed in [1]), there are no
much work on models with variable exponent p(x) explicitly depending on u(x). Yet a
related, although far more complicated, minimization problem with p = p(∇u) was sug-
gested in [8], in the context of image processing. Nonlinear PDEs with variable exponent
p = p(u) appear then clearly in the applications of some numerical techniques for the
total variation image restoration method that have been used in some restoration prob-
lems of mathematical image processing and computer vision [8, 9, 30]. Variational models
exhibit the solution of these problems as minimizers of appropriately chosen functionals
and the minimization technique of such models involves the solution of nonlinear partial
differential equations derived as necessary optimality conditions [12]. Several numerical
examples suggesting that the consideration of exponents p = p(u) preserves the edges and
reduces the noise of the restored images u are presented in [30]. A related, although far
more complicated, minimization problem with the exponent of the regularization term
depending on the gradient of the reconstructed image u, was considered in the works
[8, 9]. In particular, the pioneer work [8] presents a numerical example suggesting a re-
duction of noise in the restored images u when the exponent of the regularization term is
p = p(|∇u|).
For the p(u)-Laplacian problem, to our best knowledge, the pioneering work is due to
Andreianov et al. [2] in 2018. Afterwards, Chipot and De Oliveira studied a kind of p(u)-
Laplacian problem considered by Andreianov et al (see [14]). The first work on the p(u)-
Laplace problem like P (β, f, g) was done by Ouaro and Sawadogo in a pioneering work
[23]. This work concerns a nonlinear multivalued (inclusion) PDE with Fourier boundary
condition, so we are looking for the solutions in the space W 1,p(.,u(.))(Ω). For that, we
are facing some difficulties when we want to apply the theory of monotone operators in
the Banach space W 1,p(.,u(.))(Ω) to prove the existence of solutions. Therefore, we use the
technic of pseudo-monotone operators in Banach spaces, the Poincaré-Wirtinger inequal-
ity with constant exponent and the Young measure associated to a weak convergence
method of sequence of gradients of solution (cf [16, 18]) to obtain some useful conver-
gence results. An other difficulty is that β is a nonlinear graph, then, its appear in the
definition of the solution, a bounded Radon diffuse measure, in order to take into account
the boundary of the domain. We define Mb(Ω) as the set of bounded Radon measures in
Ω. For the variable exponent π(.), where π(.) is to be defined later, given µ ∈ Mb(Ω), we
say that µ is diffuse with respect to the capacity W 1,π(.)(Ω) if µ(A) = 0, for every set A
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such that Capπ(.)(A,Ω) = 0 (see [22]). For A ⊂ Ω, we denote

Sπ(.)(A) =

{
u ∈ W 1,π(.)(Ω) : u ≥ 1 on an open set which contain A and u ≥ 0 in Ω

}
.

The π(.)−Capacity for every subset A with respect to Ω is defined by

Capπ(.)(A,Ω) = inf
u∈Sπ(.)(A)

{∫
Ω

(
|u|π(.) + |∇u|π(.)

)
dx

}
.

The set of bounded Radon diffuse measures in variable exponent setting π(.) is denoted
by Mπ(.)

b (Ω).

Here, we adapt the notion of renormalized solution for the study of our problem. The
concept of renormalized solution was introduced by Diperna and Lions (cf.[15]). More-
over, the standard Leray-Lions elliptic problems with L1 source terms are well posed in
the framework of renormalized solutions.
The interest of the study of this kind of problem is due to the fact that they can model
phenomena which arise in the study of elastic mechanics (see [3]), electrorheological fluid
(see [28]) or image restoration (see [13]).
Due to the Fourier boundary condition considered in this paper, which bring some dif-
ficulties to treat the term at the boundary, we were inspired by the work of Ouaro and
Tchousso (see [26]), where the authors defined for the first time a new space by taking
into account the boundary.

The rest of this work is organized as follows: in the next section, we introduce some
preliminary results. In the last section, we study the existence and a partial uniqueness
results of the renormalized solutions for the problem P (β, f, g).

2. PRELIMINARY RESULTS

• We will use the so-called truncation function

Tk(s) :=

{
s if |s| ≤ k

ksign0(s) if |s| > k
, where sign0(s) :=


1 if s > 0

0 if s = 0

−1 if s < 0.

The truncation function possesses the following properties.

Tk(−s) = −Tk(s), |Tk(s)| = min{|s|, k},

lim
k→∞

Tk(s) = s and lim
k→0

1

k
Tk(s) = sign0(s).

• We will also need to truncate vector value-function with the help of the mapping

hm : RN −→ RN , hm(λ) =

λ, if |λ| ≤ m

m
λ

|λ|
if |λ| > m,

where m > 0.

Taking into account the growth and the coercivity assumptions (1.4) and (1.5), we need
to work in the variable exponent Sobolev space W 1,π(.)(Ω) defined below. Notice that
the exponent π(.) itself is related to u by π(.) := p(., u(.)). We also recall the definition of
variable exponent Lebesgue and Sobolev spaces Lπ(.)(Ω) and W 1,π(.)(Ω). In the sequel, we
will use the same notation Lπ(.)(Ω) for the space (Lπ(.)(Ω))N of vector-valued functions.
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Definition 2.1. Let π : Ω −→ [1,∞) be a measurable function.
•Lπ(.)(Ω) is the space of all measurable functions f : Ω −→ R such that the modular

ρπ(.)(f) :=

∫
Ω

|f |π(x)dx < ∞.

If p+ is finite, this space is equipped with the Luxembourg norm

||f ||Lπ(.)(Ω) := inf

{
λ > 0; ρπ(.)

(
f

λ

)
≤ 1

}
.

•W 1,π(.)(Ω) is the space of all functions f ∈ Lπ(.)(Ω) such that the gradient of f (taken in the
sense of distributions) belongs to Lπ(.)(Ω). If p+ is finite the space W 1,π(.)(Ω) is equipped with
the norm

||u||W 1,π(.)(Ω) := ||u||Lπ(.)(Ω) + ||∇u||Lπ(.)(Ω).

W
1,π(.)
0 (Ω) is the closure of C∞

0 (Ω) in the norm of W 1,π(.)(Ω).
When 1 < p− ≤ π(.) ≤ p+ < ∞, all the above spaces are separable and reflexive Banach spaces.

In the present paper, we assume that π(x) = p(x, u(x)) verify the log-Hölder continuity
assumption (2.7) below and we denote πε(x) := p(x, uε(x)).

Proposition 2.1. (See [1], Proposition 2.3)
For all measurable function π : Ω → [p−, p+], the following properties hold.

i) Lπ(.)(Ω) and W 1,π(.)(Ω) are separable and reflexive Banach spaces.
ii) Lπ′(.)(Ω) can be identified with the dual space of Lπ(.)(Ω), and the following Hölder

inequality holds.

∀f ∈ Lπ(.)(Ω), g ∈ Lπ′(.)(Ω),

∣∣∣∣ ∫
Ω

fgdx

∣∣∣∣ ≤ 2||f ||Lπ(.)(Ω)||g||Lπ′(.)(Ω).

iii) One has ρπ(.)(f) = 1 if and only if ||f ||Lπ(.)(Ω) = 1; further,

if ρπ(.)(f) ≤ 1, then ||f ||p+

Lπ(.)(Ω)
≤ ρπ(.)(f) ≤ ||f ||p−

Lπ(.)(Ω)
;

if ρπ(.)(f) ≥ 1, then ||f ||p−
Lπ(.)(Ω)

≤ ρπ(.)(f) ≤ ||f ||p+

Lπ(.)(Ω)
.

In particular, if (fn)n∈N is a sequence in Lπ(.)(Ω), then ||fn||Lπ(.)(Ω) tends to zero (resp., to
infinity) if and only if ρπ(.)(fn) tends to zero (resp., to infinity), as n → ∞.

For a measurable function f ∈ W 1,π(.)(Ω) we introduce the following notation.

ρ1,π(.)(f) =

∫
Ω

|f |π(.)dx+

∫
Ω

|∇f |π(.)dx.

Replacing p(x) by π(x) in [6]-Proposition 2.2, we get the following result which is funda-
mental in this work (See [31, 32]).

Proposition 2.2. If f ∈ W 1,π(.)(Ω), the following properties hold.
i) ||f ||W 1,π(.)(Ω) > 1 ⇒ ||f ||p−

W 1,π(.)(Ω)
< ρ1,π(.)(f) < ||f ||p+

W 1,π(.)(Ω)
;

ii) ||f ||W 1,π(.)(Ω) < 1 ⇒ ||f ||p+

W 1,π(.)(Ω)
< ρ1,π(.)(f) < ||f ||p−

W 1,π(.)(Ω)
;

iii) ||f ||W 1,π(.)(Ω) < 1(respectively = 1;> 1) ⇔ ρ1,π(.)(f) < 1(respectively = 1;> 1).

The following lemma show that the space W 1,π(.)(Ω) is stable by truncation.

Lemma 2.1. (See,[1]-Lemma 2.9) If u ∈ W 1,π(.)(Ω) then Tk(u) ∈ W 1,π(.)(Ω).

Now, we give some embedding results.
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Proposition 2.3. (See [1], Proposition 2.4) Assume that π : Ω → [p−, p+] has a representative
which can be extended into a continuous function up to the boundary ∂Ω and satisfying the log-
Hölder continuity assumption.

(2.7) ∃L > 0, ∀x, y ∈ Ω, x ̸= y, −
(
log |x− y|

)
|π(x)− π(y)| ≤ L.

i) Then, C∞(Ω) is dense in W 1,π(.)(Ω).
ii) W 1,π(.)(Ω) is embedded into Lπ∗(.)(Ω), where π∗(.) is the Sobolev embedding exponent

defined as in (2.8) below. If q is a measurable variable exponent such that ess inf
x∈Ω

(π∗(.)− q(.)) > 0,

then the embedding of W 1,π(.)(Ω) into Lq(.)(Ω) is compact.
For a given π(.), a function taking values in [p−, p+], π∗(.) denotes the optimal Sobolev embedding
defined for any x ∈ Ω by

(2.8) π∗(x) =


Nπ(x)

N − π(x)
if π(x) < N

any real value if π(x) = N

∞ if π(x) > N.

Throughout the paper, we denote by δc the Dirac measure on Rd (d ∈ N) , concentrated at
the point c ∈ Rd.
In the following theorem, we gather the results of Ball [5], Pedregal [27] and Hungerbühler
[19] which are needed for our purposes (we limit the statement to the case of a bounded
domain Ω). Let us note that the results of (ii) and (iii) below, expressed in terms of the
convergence in measure, are very convenient for the applications we have in mind.

Theorem 2.1. (i) Let Ω ⊂ RN , N ∈ N and a sequence (vn)n∈N of Rd -valued functions,
d ∈ N , such that (vn)n∈N is equi-integrable on Ω. Then there exists a subsequence
(nk)k∈N and a parametrized family (νx)x∈Ω of probability measures on Rd (d ∈ N),
weakly measurable in x wrt the Lebesgue measure on Ω, such that for all Carathéodory
function F : Ω× Rd → Rt, t ∈ N, one has

(2.9) lim
k→∞

∫
Ω

F (x, vnk
)dx =

∫
Ω

∫
Rd

F (x, λ)dνx(λ)dx,

whenever the sequence (F (., vn(.)))n∈N is equi-integrable on Ω . In particular,

(2.10) v(x) :=

∫
Rd

λdνx(λ)

is the weak limit of the sequence (vnk
)k∈N in L1(Ω). The family (νx)x∈Ω is called the

Young measure generated by the subsequence (vnk
)k∈N as k → ∞.

(ii) If Ω is of finite measure, and (νx)x∈Ω is the Young measure generated by a sequence
(vn)n∈N, then νx = δv(x) for a.e. x ∈ Ω ⇔ vn converges in measure in Ω to v as n → ∞.

(iii) If Ω is of finite measure, (un)n∈N generates a Dirac Young measure (δu(x))x∈Ω in Rd1

and (vn)n∈N generates a Young measure (νx)x∈Ω in Rd1 , then the sequence (un, vn)n∈N
generates the Young measure (δu(x) ⊗ νx)x∈Ω on Rd1+d2 .

Whenever a sequence (vn)n∈N generates a Young measure (νx)x∈Ω, following the termi-
nology of [17] we will say that (vn)n∈N nonlinear weak-* converges and (νx)x∈Ω is the
nonlinear weak-* limit of the sequence (vn)n∈N. In the case (vn)n∈N possesses a nonlinear
weak-* convergent subsequence, we will say that it is nonlinear weak-* compact. It means
that any equi-integrable sequence of measurable functions is nonlinear weak-* compact
on Ω ([1], Theorem 2.10(i)).
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We give a useful convergence result for the sequel.

Lemma 2.2. Let (βn)n≥1 be a sequence of maximal monotone graph such that βn → β in the
sense of graphs (i.e for all (x, y) ∈ β there exists (xn, yn) ∈ βn such that xn → x and yn → y).
We consider (zn)n≥1 and (wn)n≥1 two sequences of L1(Ω), such that wn ∈ βn(zn) LN a.e. Ω.
If (wn)n≥1 is bounded in L1(Ω) and zn → z in L1(Ω), then z ∈ dom(β) LN a.e. Ω.

The main tool of the proof of the above lemma is the “biting lemma of Chacon”, see [11].

Lemma 2.3. Let Ω be an open bounded subset of RN and (fn)n≥1 a bounded sequence in L1(Ω).
Then, there exists f ∈ L1(Ω), a subsequence (fnk

)nk≥1 and a sequence of the mesurable set
(Ej)j∈N∗ , Ej ⊂ Ω, ∀j ∈ N∗ with Ej+1 ⊂ Ej and lim

j→∞
|Ej | = 0, such that for any j ∈ N∗,

fnk
⇀ f in L1(Ω \ Ej), as nk → ∞.

Proof of the Lemma 2.2. Since the sequence (wn)n≥1 is bounded in L1(Ω), using the “bit-
ing lemma of Chacon” there exist w ∈ L1(Ω), a subsequence (wnk

)nk≥1, a sequence of
mesurable sets (Ej)j∈N∗ , Ej ⊂ Ω ∀j ∈ N∗ with Ej+1 ⊂ Ej and lim

j→∞
|Ej | = 0 such that

for all j ∈ N∗, wnk
⇀ w in L1(Ω \ Ej), as nk → ∞. Since znk

⇀ z in L1(Ω) and so in
L1(Ω \ Ej), ∀j ∈ N∗ and βnk

→ β in the sense of graphs, we have w ∈ β(z) a.e. in Ω \ Ej .
Thus, z ∈ dom(β) a.e. in Ω \ Ej . Finally, we obtain z ∈ dom(β) a.e. in Ω. □

We write for all measurable function u : Ω → R,
{
|u| ≤ k (< k,> k,⩾ k,= k)

}
or

[
|u| ≤ k (< k,> k,⩾ k,= k)

]
for the set

{
x ∈ Ω; |u(x)| ≤ k (< k,> k,⩾ k,= k)

}
, and

meas(Ω) or |Ω| denote the measure of the set Ω.
Let us set

int(domβ) = (m,M) with −∞ ≤ m ≤ 0 ≤ M ≤ ∞.

3. EXISTENCE AND PARTIAL UNIQUENESS OF THE RENORMALIZED SOLUTION

We give the following notion of solution of the problem P (β, f, g) (see [7, 20, 25]).

Definition 3.2. A renormalized solution of the problem P (β, f, g) is a couple (u,w) with u

a measurable function such that Tk(u) ∈ W 1,π(.)(Ω) for all k > 0, u ∈ L1(∂Ω) and u ∈
dom(β) LN a.e. Ω, w ∈ L1(Ω) and w ∈ β(u) LN a.e. Ω; and there exists a measure µ ∈
Mπ(.)

b (Ω) such that µ ⊥ LN , µ+ is concentrated on
[
u = M

]
∩
[
u ̸= ∞

]
, µ− is concentrated on[

u = m
]
∩
[
u ̸= −∞

]
such that∫

Ω

wh(u)φdx+

∫
Ω

h(u)a(x, u,∇u)∇φdx +

∫
Ω

h′(u)a(x, u,∇u)∇uφdx+

∫
Ω

h(u)φdµ

+ λ

∫
∂Ω

uh(u)φdσ =

∫
Ω

fh(u)φdx+

∫
∂Ω

gh(u)φdσ,

(3.11)

for all φ ∈ W 1,π(.)(Ω) ∩ L∞(Ω), for all h ∈ C1
c (R) and

lim
M→∞

∫[
M<|u|<M+1

] a(x, u,∇u).∇udx = 0.(3.12)

All the terms of (3.11) are well defined. Indeed, h(u)φ ∈ W 1,π(.)(Ω) ∩ L∞(Ω), then, the
first integral of the left-hand side and the first integral of the right-hand side of (3.11) are
well defined. The second and third integral of the left-hand side are well defined thanks
to (1.4). The fourth integral of the left hand side is also well defined, since the measure
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µ is diffuse. Moreover, as φ ∈ C(Ω) (φ ∈ W 1,π(.)(Ω) ⊂ W 1,p−(Ω) ↪→ C(Ω), for p− > N ),
then φ ∈ L∞(∂Ω), so the last integral of the left-hand side and the second integral of the
right-hand side are well defined.

Remark 3.1. If M = ∞ and −∞ < m (resp. m = −∞ and M < ∞) then, µ+ ≡ 0 (resp.
µ− ≡ 0). Thus, (3.11) holds true with µ ≡ µ− (resp. µ ≡ µ+).
If M = ∞ and m = −∞ then, the domain of β is equal to R and the relation (3.11) becomes∫
Ω

wh(u)φdx+

∫
Ω

h(u)a(x, u,∇u)∇φdx +

∫
Ω

h′(u)a(x, u,∇u)∇uφdx+ λ

∫
∂Ω

uh(u)φdσ

=

∫
Ω

fh(u)φdx+

∫
∂Ω

gh(u)φdσ,(3.13)

for all φ ∈ W 1,π(.)(Ω) ∩ L∞(Ω) and for all h ∈ C1
c (R).

In the case where the domain of β is bounded, the renormalization with h is not necessary in the
Definition 3.2, therefore we can take h ≡ 1.

Now, we are going to prove the following main existence result.

Theorem 3.2. Assume that (1.2)-(1.6) hold, f ∈ L1(Ω) and g ∈ L1(∂Ω). Then, there exists at
least one renormalized solution to the problem P (β, f, g).

Proof. The proof of Theorem 3.2 is divided into two steps.

Step 1. The approximate problem.
For every ε > 0, we consider the Yosida regularization βε of β, given by

βε =
1

ε

(
I − (I + εβ)−1

)
.

Thanks to [10], there exists j a non negative, convex and l.s.c function defined on R such
that β = ∂j.

To regularize β, we consider jε(s) = min
r∈R

{
1

2ε
|s− r|2 + j(r)

}
,∀s ∈ R,∀ε > 0.

Using Proposition 2.11-[10], we have
dom(β) ⊂ dom(j) ⊂ dom(j) = dom(β),

jε(s) =
ε

2
|βε(s)|2 + j

(
Jε(s)

)
where Jε := (I + εβ)−1,

jε is convex, Frechet-differentiable function and βε = ∂jε,

jε ↑ j as ε ↓ 0.

Furthermore, for any ε > 0, βε is nondecreasing, Lipschitz continuous function and
βε(0) = 0. We define the functions fε by fε(x) = T 1

ε
(f(x)) for any x ∈ Ω and gε(x) =

T 1
ε
(g(x)) for all x ∈ ∂Ω. Then, (fε)ε>0 and (gε)ε>0 are the sequences of bounded functions

which converges strongly to f ∈ L1(Ω) and g ∈ L1(∂Ω) respectively, as ε → 0. Moreover,

∥fε∥L1(Ω) ≤ ∥f∥L1(Ω) and ∥gε∥L1(∂Ω) ≤ ∥g∥L1(∂Ω), ∀ε > 0.

Lemma 3.4. (See,[22]-Lemma 3.1)
The Yosida regularisation βε is a surjective operator.

Now, let us consider the following problem.

P (βϵ, fε, gε)


βε(uε)− diva(x, uε,∇uε)− ε△p+

uε + ε|uε|p+−2uε = fε in Ω

[
a(x, uε,∇uε) + ε|∇uε|p+−2∇uε

]
.η + λT 1

ε

(
uε

)
= gε on ∂Ω,
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where
−△p+

uε := −∇.(|∇uε|p+−2∇uε).

We define the following reflexive space

E = W 1,p+(Ω)× Lp+(∂Ω).

Let
X0 = {(u, v) ∈ E : v = τ(u)}.

We will identify an element (u, v) ∈ X0 with its representative u ∈ W 1,p+(Ω) in this paper.

Theorem 3.3. There exists at least one weak solution uε for the problem P (βϵ, fε, gε) in the sense
that uε ∈ X0 and for all v ∈ X0,∫

Ω

βε(uε)vdx+

∫
Ω

a(x, uε,∇uε)∇vdx + λ

∫
∂Ω

T 1
ε
(uε)vdσ

+ ε

∫
Ω

[
|uε|p+−2uεv + |∇uε|p+−2∇uε∇v

]
dx

=

∫
Ω

fεvdx+

∫
∂Ω

gεvdσ.(3.14)

We need the following lemmas to prove Theorem 3.3.

Lemma 3.5. (See [21]-Remark 2.12) Let V be a separable and reflexive Banach space and A, M :
V → V ′ such that.

(i) A is a pseudo-monotone operator;
(ii) M is a bounded, hemicontinuous and monotone operator;

then A+M is pseudo-monotone.

Lemma 3.6. (See [29], Corollary 2.2). If an operator A is of type (M), bounded and coercive from
a separable Banach space to its dual, then A is surjective.

Proof of Theorem 3.3. Let

< Aεu, v >=< Au, v > + < Gεu, v >,

where

< Au, v >=

∫
Ω

a(x, u,∇u).∇vdx, < Gεu, v >= ε

∫
Ω

|∇u|p+−2∇u∇vdx

and

< Bεu, v >=

∫
Ω

βε(u)vdx+ ε

∫
Ω

|u|p+−2uvdx+ λ

∫
∂Ω

T 1
ε
(u)vdσ,

with u, v ∈ X0.
Set Cε = Aε +Bε. The proof of Theorem 3.3 is done in three claims.

Claim 1: Cε is bounded.
From Hölder type inequality and (1.4) with the variable exponent p(x, z) replaced by p+,
A is bounded. Moreover, using the same argument as in [4]-Proof of Lemma 4.2, the fact
that βε is a lipschitz continuous function with βε(0) = 0 and as W 1,p+(Ω) ↪→ L∞(Ω) for
p+ > N , we prove that Gε +Bε is bounded. Therefore, Cε is bounded.
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Claim 2. Cε is of type (M ).
Let (uδ)δ>0 be a sequence in X0 such that

uδ ⇀ u in X0

Cεuδ ⇀ χ in X ′
0

lim sup
δ→0

< Cεuδ, uδ >=< χ, u > .

We will prove that χ = Cεu.
By Fatou’s Lemma, we deduce that

lim inf
δ→0

(∫
Ω

βε(uδ)uδdx+ λ

∫
∂Ω

T 1
ε
(uδ)uδdσ + ε

∫
Ω

|uδ|p+dx

)
≥

∫
Ω

βε(u)udx+ λ

∫
∂Ω

T 1
ε

(
u
)
udσ + ε

∫
Ω

|u|p+dx.

Moreover, thanks to Lebesgue dominated convergence Theorem and the fact that

|uδ|p+−2uδ ⇀ |u|p+−2u in Lp′
+(Ω),

we obtain

lim
δ→0

(∫
Ω

βε(uδ)vdx+ λ

∫
∂Ω

T 1
ε
(uδ)vdσ + ε

∫
Ω

|uδ|p+−2uδvdx

)
=

∫
Ω

βε(u)vdx+ λ

∫
∂Ω

T 1
ε

(
u
)
vdσ + ε

∫
Ω

|u|p+−2uvdx,

for any v ∈ X0. Thus, as δ goes to 0, it follows that

Bεuδ ⇀ βε(u) + λT 1
ε
(u) + ε|u|p+−2u in X ′

0.

So,
Aεuδ ⇀ χ−

(
βε(u) + λT 1

ε
(u) + ε|u|p+−2u

)
in X ′

0, as δ → 0.

It remains to prove that Aε is of type (M). Notice that, Gε is bounded, hemicontinuous,
monotone and A is pseudo-monotone (See [24], proof of Theorem 3.1-Step 2). Therefore,
it follows from Lemma 3.5 that Aε = A+Gε is pseudo-monotone.
So, the operator Aε is of type (M) (see, [21]-Proposition 2.5) and we immediately have

Au+Gεu = χ−
(
βε(u) + λT 1

ε
(u) + ε|u|p+−2u

)
.

Thus, we obtain Cεu = χ.

For more details regarding operator of “type (M)”, “calculus of variation properties” and
“pseudo-monotonicity”, see [29, 21].

Claim 3: Cε is coercive.
Using (1.5) with constant exponent, we get

< Cεu, u > =

∫
Ω

a(x, u,∇u).∇udx+

∫
Ω

βε(u)udx

+ λ

∫
∂Ω

T 1
ε
(u)udx+ ε

∫
Ω

[
|u|p+ + |∇u|p+

]
dx

≥ 1

C2

∫
Ω

|∇u|p+dx+ ε

∫
Ω

|u|p+dx

≥ C||u||p+

W 1,p+ (Ω)
, where C = min

{
1

C2
, ε

}
.



438 Noufou SAWADOGO and Stanislas OUARO

We deduce that
< Cεu, u >

||u||W 1,p+ (Ω)

→ ∞ as ||u||W 1,p+ (Ω) → ∞.

Hence, Cε is coercive. Then, according to Lemma 3.6, Cε is surjective.
Let Fε =

(
T 1

ε
(f), T 1

ε
(g)

)
∈ E′ ⊂ X ′

0, then there exists at least one solution uε ∈ X0 of the
problem

< Cεuε, v >=< Fε, v >, for all v ∈ X0.

Therefore, uε is a weak solution of the problem P (βε, fε, gε). □

Step 2. A priori estimates.
This part is divided into several assertions and lemmas.

Assertion 1.
(i) The sequence (βε(uε))ε>0 is uniformly bounded in L1(Ω).
(ii)

(3.15) λ

∫
∂Ω

∣∣T 1
ε
(uε)

∣∣dσ ≤ ∥f∥L1(Ω) + ∥g∥L1(∂Ω).

(iii) The sequence (uε)ε>0 is such that

(3.16) ∥uε∥W 1,p− (Ω) ≤ const
(
p−,Ω, f, g

)
.

Proof. Taking v = Tk(uε) in (3.14) and the fact that all the terms of the left hand side in the
resulting equality are nonnegative, one deduces that∫

Ω

βε(uε)Tk(uε)dx ≤
∫
Ω

fεTk(uε)dx+

∫
∂Ω

gεTk(uε)dσ ≤ k(∥f∥L1(Ω) + ∥g∥L1(∂Ω))

and

λ

∫
∂Ω

T 1
ε
(uε)Tk(uε)dσ ≤

∫
Ω

fεTk(uε)dx+

∫
∂Ω

gεTk(uε)dσ ≤ k(∥f∥L1(Ω) + ∥g∥L1(∂Ω)).

Dividing the above inequalities by k and letting k goes to 0, it follows that∫
Ω

∣∣βε(uε)
∣∣dx ≤ ∥f∥L1(Ω) + ∥g∥L1(∂Ω)

and

λ

∫
∂Ω

∣∣T 1
ε
(uε)

∣∣dσ ≤ ∥f∥L1(Ω) + ∥g∥L1(∂Ω).

Hence, (i) and (ii) are proved.
(iii) Moreover, βε is a Lipschitz, continuous nondecreasing and surjective function, then
(uε)ε>0 is uniformly bounded in L1(Ω). So, there exists a positive constant C3 such that∫

Ω

|uε|dx ≤ C3.(3.17)

Hence,

ũε :=
1

meas(Ω)

∫
Ω

uεdx ≤ const(Ω).

Furthermore, by using Poincaré-Wirtinger inequality, one has∫
Ω

|uε − ũε|p−dx ≤ const(p−,Ω)

∫
Ω

|∇uε|p−dx.
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Therefore, ∫
Ω

|uε|p−dx ≤ const(p−,Ω)

∫
Ω

|∇uε|p−dx+

∣∣∣∣ ∫
Ω

ũεdx

∣∣∣∣p−

.

Thus

(3.18)
∫
Ω

|uε|p−dx ≤ C4

∫
Ω

|∇uε|p−dx+ C5,

where C4 = cons(p−,Ω) and C5 = const(p−, C3,Ω) are two positive constants.
Moreover, since W 1,p−(Ω) ↪→ C(Ω), there exists a positive constant C6 such that

(3.19) ∥uε∥p−

L∞(Ω)
≤ C6∥uε∥p−

W 1,p− (Ω)
,

which implies that

(3.20) ∥uε∥p−
L∞(Ω) ≤ C6∥uε∥p−

W 1,p− (Ω)
and ∥uε∥p−

L∞(∂Ω) ≤ C6∥uε∥p−

W 1,p− (Ω)
.

Using (1.5) on a(x, uε,∇uε) and Theorem 3.3, the sequence uε satisfies∫
Ω

βε(uε)uεdx+
1

C2

∫
Ω

|∇uε|πε(.)dx + ε

(∫
Ω

|∇uε|p+dx+

∫
Ω

|uε|p+dx

)
+ λ

∫
∂Ω

T 1
ε
(uε)uεdσ

≤
∫
Ω

fεuεdx+

∫
∂Ω

gεuεdσ.

(3.21)

Applying Young’s inequality on the right hand side of (3.21) and using the relation (3.20),
it follows that∫
Ω

fεuεdx +

∫
∂Ω

gεuεdσ

≤
∫
Ω

|f ||uε|dx+

∫
Ω

|g||uε|dσ

≤ ∥f∥L1(Ω)∥uε∥L∞(Ω) + ∥g∥L1(Ω)∥uε∥L∞(∂Ω)

=

(
4C2C6(C4 + 1)

p−

) 1
p−

∥f∥L1(Ω).

(
p−

4C2C6(C4 + 1)

) 1
p−

∥uε∥L∞(Ω)

+

(
4C2C6(C4 + 1)

p−

) 1
p−

∥g∥L1(∂Ω).

(
p−

4C2C6(C4 + 1)

) 1
p−

∥uε∥L∞(∂Ω)

≤ 1

p′−

(
4C2C6(C4 + 1)

p−

) p′−
p−

∥f∥p
′
−

L1(Ω) +
1

p−

p−
4C2C6(C4 + 1)

∥uε∥p−
L∞(Ω)

+
1

p′−

(
4C2C6(C4 + 1)

p−

) p′−
p−

∥g∥p
′
−

L1(∂Ω) +
1

p−

p−
4C2C6(C4 + 1)

∥uε∥p−
L∞(∂Ω)

≤ 1

p′−

(
4C2C6(C4 + 1)

p−

) p′−
p−

[
∥f∥p

′
−

L1(Ω) + ∥g∥p
′
−

L1(∂Ω)

]
+

1

2C2(C4 + 1)
∥uε∥p−

W 1,p− (Ω)
.

(3.22)

Moreover, one has

(3.23)
∫
Ω

|∇uε|p−dx ≤ meas(Ω) +

∫
Ω

|∇uε|πε(.)dx,
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since p− < πε(.).
Combining (3.18) and (3.23), we get∫

Ω

|uε|p−dx ≤ C4meas(Ω) + C4

∫
Ω

|∇uε|πε(.)dx+ C5.

We infer from above inequality and (3.23) that

∥uε∥p−

W 1,p− (Ω)
=

∫
Ω

[
|uε|p− + |∇uε|p−

]
dx

≤ (C4 + 1)meas(Ω) + C5 + (C4 + 1)

∫
Ω

|∇uε|πε(.)dx.(3.24)

Furthermore, using (3.22) and (3.24), one obtains∫
Ω

fεuεdx +

∫
∂Ω

gεuεdσ

≤ 1

p′−

(
4C2C6(C4 + 1)

p−

) p′−
p−

[
∥f∥p

′
−

L1(Ω) + ∥g∥p
′
−

L1(∂Ω)

]
+

meas(Ω)

2C2
+

C5

2C2(C4 + 1)
+

1

2C2

∫
Ω

|∇uε|πε(.)dx.(3.25)

Combining (3.21) and (3.25), one has∫
Ω

βε(uε)uεdx+
1

2C2

∫
Ω

|∇uε|πε(.)dx + ε||uε||p+

W 1,p+ (Ω)

+ λ

∫
∂Ω

T 1
ε
(uε)uεdσ ≤ C7,(3.26)

where

C7 =
1

p′−

(
4C2C6(C4 + 1)

p−

) p′−
p−

[
∥f∥p

′
−

L1(Ω) + ∥g∥p
′
−

L1(∂Ω)

]
+

meas(Ω)

2C2
+

C5

2C2(C4 + 1)
.

Thus, we deduce from (3.26) that

(3.27)
∫
Ω

|∇uε|πε(.)dx ≤ C8.

Now, using (3.24) and the last inequality, we infer

∥uε∥W 1,p− (Ω) ≤ const
(
p−,Ω, f, g

)
and (iii) follows. □

Lemma 3.7. (uε)ε>0 converges a.e. to v on ∂Ω.

Proof. (uε)ε>0 being uniformly bounded in W 1,p−(Ω), then, up to extraction of a subse-
quence still denoted (uε)ε>0, it converges a.e. in Ω (and also weakly in W 1,p−(Ω)) to a
limit u.
We know that the trace operator is compact from W 1,1(Ω) into L1(∂Ω). Note that, W 1,p−(Ω) ↪→
W 1,1(Ω) because p− > 1. Therefore, uε → u in L1(∂Ω) and a.e. on ∂Ω, as ε → 0. Thus,
v = u|∂Ω make sense. □
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Remark 3.2. Using (3.16) and the compact embedding W 1,p−(Ω) ↪→ Lp−(Ω), we get that, for a
subsequence still labelled with ε and a function u,

uε ⇀ u in W 1,p−(Ω), as ε → 0;(3.28)
∇uε ⇀ ∇u in Lp−(Ω), as ε → 0;(3.29)
uε → u in Lp−(Ω), as ε → 0;(3.30)
uε → u a.e. in Ω, as ε → 0.(3.31)

Moreover,
(
βε(uε)

)
ε>0

is uniformly bounded in L1(Ω). Then, up to a subsequence still labelled
with ε, there exists z ∈ Mb(Ω), such that

βε(uε) ⇀
∗ z in Mb(Ω), as ε → 0.(3.32)

Assertion 2.
The sequence (∇uε)ε>0 converges to a Young measure νx(λ) on RN in the sense of the
nonlinear weak-* convergence, and

(3.33) ∇u =

∫
RN

λdνx(λ).

Proof. From (3.29) and (3.31), up to extraction of a subsequence still labelled with ε, (uε)ε>0

converges a.e. in Ω to a limit u and ∇uε weakly converges to ∇u in Lp−(Ω). More-
over, (∇uε)ε>0 being bounded, is equi-integrable on Ω. Then, using the representation
of weakly convergent sequences in L1(Ω) in terms of Young measures (see Theorem 2.1
and formula (2.10)), we can write

∇u =

∫
RN

λdνx(λ).

□

Assertion 3
|λ|π(.) is integrable with respect to the measure νx(λ)dx on RN×Ω, moreover, u ∈ W 1,π(.)(Ω).

Proof. We know that πε converges in measure to π. Using Theorem 2.1 ii), iii), (πε,∇uε)ε>0

converges in R×RN to the Young measure µx = δπ(x) ⊗ νx. Thus, we can apply the weak
convergence properties (2.9) to the Carathéodory function

Fm : (x, λ0, λ) ∈ Ω× (R× RN ) 7→ |hm(λ)|λ0 ,

with m ∈ N, where hm is defined in the preliminary. We have∫
Ω×RN

|hm(λ)|π(.)dνx(λ)dx =

∫
Ω×(R×RN )

|hm(λ)|λ0dµx(λ0, λ)dx

=

∫
Ω

∫
R×RN

Fm(x, λ0, λ)dµx(λ0, λ)dx

= lim
ε→0

∫
Ω

Fm(x, πε(x),∇uε(x))dx

= lim
ε→0

∫
Ω

|hm(∇uε)|πε(.)dx

≤ lim
ε→0

∫
Ω

|∇uε|πε(.)dx

≤ C8.
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Since hm(λ) → λ, as m → ∞, using Lebesgue convergence Theorem, as m 7→ hm(λ) is
increasing, we deduce that ∫

Ω×RN

|λ|π(.)dνx(λ)dx ≤ C8.

Hence, |λ|π(.) is integrable with respect to the measure νx(λ)dx in RN × Ω.

Now, we prove that ∇u ∈ Lπ(.)(Ω). Using (3.33), Jensen inequality and the last inequality,
we get ∫

Ω

|∇u|π(.)dx =

∫
Ω

∣∣∣∣ ∫
RN

λdνx(λ)

∣∣∣∣π(.)dx ≤
∫
Ω×RN

|λ|π(.)dνx(λ)dx < ∞.

Thus, ∇u ∈ Lπ(.)(Ω). Moreover, u ∈ Lπ(.)(Ω). Indeed, u ∈ W 1,p−(Ω) ⊂ L∞(Ω) ⊂ Lπ(.)(Ω).
Hence, u ∈ W 1,π(.)(Ω). □

Assertion 4
The sequence (Φε)ε>0 defined by Φε := a(x, uε,∇uε) is equi-integrable in Ω.

Proof. By using (1.4) with exponent πε(.), we obtain

|a(x, uε,∇uε)|π
′
ε(.) ≤ C1(|∇uε|πε(.) +M(x)).

The above inequality give us

|a(x, uε,∇uε)| ≤ C
(
(1 + |∇uε|πε(.)) +M(x)

) 1
π′
ε(.)

≤ C
(
(1 +M(x))

1
π′
ε(.) + |∇uε|

πε(.)

π′
ε(.)

)
≤ C(1 +M(x) + |∇uε|πε(.)−1).

For all set E ⊂ Ω,∫
E

|a(x, uε,∇uε)|dx ≤ C

∫
E

(1+M(x))dx+Const(p−)

∣∣∣∣∣∣∣∣∣∣∇uε|πε(.)−1

∣∣∣∣∣∣∣∣
Lπ′

ε(.)(Ω)

||χE ||Lπε(.)(Ω).

The first term of the right hand side of the last inequality above is small for meas(E) small
enough, since 1 +M ∈ L1(Ω).
According to Proposition 2.1, we obtain

||χE ||Lπε(.)(Ω) ≤ max

{
ρπε(.)(χE)

1
p+ ; ρπε(.)(χE)

1
p−

}
= max

{
(meas(E))

1
p+ , (meas(E))

1
p−

}
.

Analogously,∣∣∣∣∣∣∣∣∣∣∇uε

∣∣πε(.)−1
∣∣∣∣∣∣∣∣
Lπ′

ε(.)(Ω)

≤ max

{(
ρπ′

ε(.)
(|∇uε|πε(.)−1)

1
(p′)+

)
,

(
ρπ′

ε(.)
(|∇uε|πε(.)−1)

1
(p′)−

)}

= max

{(∫
Ω

|∇uε|πε(.)

) 1
(p′)+

,

(∫
Ω

|∇uε|πε(.)

) 1
(p′)−

}
.

Using (3.27),
∫
E

|a(x, uε,∇uε)|dx is small for meas(E) small enough.

Hence, (Φε)ε>0 is equi-integrable. □
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Assertion 5 (See [24], Assertion 4).
The weak limit Φ of (Φε)ε>0 (or a subsequence) belongs to Lπ′(.)(Ω) and we have

(3.34) Φ(x) =

∫
RN

a(x, u(x), λ)dνx(λ).

Assertion 6

(3.35)
∫
Ω

Φ.∇udx ≥
∫
Ω×RN

a(x, u(x), λ).λdνx(λ)dx.

Proof. For all φ ∈ C∞(Ω), we have∫
Ω

βε(uε)φdx+

∫
Ω

a(x, uε,∇uε).∇φdx + λ

∫
∂Ω

T 1
ε
(uε)φdσ

+ ε

∫
Ω

[
|∇uε|p+−2∇uε∇φ+ |uε|p+−2uεφ

]
dx

=

∫
Ω

fεφdx+

∫
∂Ω

gεφdσ.(3.36)

Letting ε goes to 0 in (3.36), one has

(3.37)
∫
Ω

φdz +

∫
Ω

Φ.∇φdx+ λ

∫
∂Ω

uφdσ =

∫
Ω

fφdx+

∫
∂Ω

gφdσ,

thanks to (3.32), Assertion 5, Lemma 3.7 and (3.26).
By the density argument we can replace φ with uε in (3.36) to get∫

Ω

βε(uε)uεdx+

∫
Ω

a(x, uε,∇uε).∇uεdx + λ

∫
∂Ω

T 1
ε
(uε)uεdσ

+ ε

∫
Ω

[
|∇uε|p+ + |uε|p+

]
dx

=

∫
Ω

fεuεdx+

∫
∂Ω

gεuεdσ.(3.38)

Since u ∈ W 1,π(.)(Ω) ⊂ W 1,p−(Ω) ⊂ C0,α(Ω) and p(., .) is locally uniformly log-Hölder
continuous, then the exponent π(.) verifies (2.7). Therefore, C∞(Ω) is dense in W 1,π(.)(Ω),
so, we change φ by u in (3.37) to obtain

(3.39)
∫
Ω

udz +

∫
Ω

Φ.∇udx+ λ

∫
∂Ω

u2dσ =

∫
Ω

fudx+

∫
∂Ω

gudσ.

By Fatou’s Lemma, one has

(3.40) lim inf
ε→0

∫
Ω

βε(uε)uεdx ≥
∫
Ω

udz

and

(3.41) lim inf
ε→0

λ

∫
∂Ω

T 1
ε
(uε)uεdσ ≥ λ

∫
∂Ω

u2dσ.

Moreover, the sequence (fεuε)ε>0 converges a.e. in Ω to fu and

|fεuε| ≤ |f |||uε||L∞(Ω).

(uε)ε>0 is also uniformly bounded in L∞(Ω). Applying Lebesgue dominated convergence
Theorem, we get

(3.42) lim
ε→0

∫
Ω

fεuεdx =

∫
Ω

fudx.
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In the same manner,

(3.43) lim
ε→0

∫
∂Ω

gεuεdσ =

∫
∂Ω

gudσ.

Combining (3.40), (3.41), (3.42) and (3.43), one obtains

lim inf
ε→0

(∫
Ω

fεuεdx+

∫
∂Ω

gεuεdσ

)
−

∫
Ω

udz − λ

∫
∂Ω

u2dσ

≥ lim inf
ε→0

(∫
Ω

fεuε +

∫
∂Ω

gεuεdσ −
∫
Ω

βε(uε)uε)dx− λ

∫
∂Ω

T 1
ε
(uε)uεdσ

)
.(3.44)

By using (3.38), (3.39), the last inequality and the definition of Φε, we get∫
Ω

Φ.∇udx ≥ lim inf
ε→0

∫
Ω

(
Φε.∇uε + ε

[
|∇uε|p+ + |uε|p+

])
dx ≥ lim inf

ε→0

∫
Ω

Φε.∇uεdx.

Hence,

(3.45)
∫
Ω

Φ.∇udx ≥ lim inf
ε→0

∫
Ω

Φε.∇uεdx.

By ([1], Lemma 2.1), m 7→ a(x, uε, hm(∇uε)).hm(∇uε) is increasing and converges to
a(x, uε,∇uε).∇uε for m large enough; then,

a(x, uε, hm(∇uε)).hm(∇uε) ≤ a(x, uε,∇uε).∇uε.

Therefore, by using (3.45) and Theorem 2.1, we have∫
Ω

Φ.∇udx ≥ lim inf
ε→0

∫
Ω

Φε.∇uεdx

≥ lim
ε→0

∫
Ω

a(x, uε, hm(∇uε)).hm(∇uε)dx

=

∫
Ω×RN

a(x, u, hm(λ)).hm(λ)dνx(λ)dx.(3.46)

Using Lebesgue convergence Theorem in (3.46), as m goes to ∞, we get (3.35). □

Assertion 7
The “div-curl” inequality holds.∫

Ω×RN

(
a(x, u(x), λ)− a(x, u(x),∇u(x)

)
(λ−∇u(x))dνx(λ)dx ≤ 0.

Proof. We have∫
Ω×RN

(a(x, u(x), λ)− a(x, u(x),∇u(x)))(λ−∇u(x))dνx(λ)dx

=

∫
Ω×RN

a(x, u(x), λ).λdνx(λ)dx−
∫
Ω×RN

a(x, u(x), λ).∇u(x)dνx(λ)dx

−
∫
Ω×RN

a(x, u(x),∇u(x)).λdνx(λ)dx+

∫
Ω×RN

a(x, u(x),∇u(x)).∇u(x)dνx(λ)dx

=

∫
Ω×RN

a(x, u(x), λ).λdνx(λ)dx−
∫
Ω

(∫
RN

a(x, u(x), λ)dνx(λ)

)
∇u(x)dx

−
∫
Ω

a(x, u(x),∇u(x)).

(∫
RN

λdνx

)
dx+

∫
Ω

a(x, u(x),∇u(x)).∇u(x)

(∫
RN

dνx

)
dx

=

∫
Ω×RN

a(x, u(x), λ).λdνx(λ)dx−
∫
Ω

Φ.∇udx ≤ 0.
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We pass from the first equality to the second equality by using Fubini’s Theorem and from
the second inequality to the third one, by using (3.33) and the fact that νx is a probability
measure on RN . Finally, (3.34) and (3.35) give us the desired inequality. □

Assertion 8
Φ(x) = a(x, u(x),∇u(x)) a.e. x ∈ Ω and ∇uε converges to ∇u in measure on Ω, as ε → 0.

Proof. From Assertion 7 and relation (1.3), we deduce that(
a(x, u(x), λ)− a(x, u(x),∇u(x))

)(
λ−∇u(x)

)
= 0 a.e. x ∈ Ω, λ ∈ RN .

Thus, λ = ∇u(x) a.e. x ∈ Ω wrt νx on RN ; therefore νx(∇u(x)) = 1 and δ∇u = νx. By
using (3.34), we get

Φ(x) =

∫
RN

a(x, u(x), λ)dνx(λ) = a(x, u(x),∇u(x)) a.e. x ∈ Ω.

Thus, according to Theorem 2.1 (ii), ∇uε converges in measure to ∇u. □

Lemma 3.8. (i) u ∈ L1(∂Ω).
(ii) (uε)ε>0 is uniformly bounded in L1(Ω).
(iii) u ∈ dom(β) LN−a.e. in Ω and Tk(u) ∈ W 1,π(.)(Ω).

Proof. (i) Using Lemma 3.7, it follows from Fatou’s Lemma that∫
∂Ω

|u|dσ ≤ lim inf
ε→0

∫
∂Ω

|T 1
ε
(uε)|dσ ≤

∥f∥L1(Ω) + ∥g∥L1(∂Ω)

λ
.

Hence, u ∈ L1(∂Ω).
(ii) Follows from (3.17).
(iii) Since (βε(uε))ε>0 is uniformly bounded in L1(Ω) and uε → u in L1(Ω), as ε → 0,
then u ∈ dom(β) LN−a.e. in Ω, thanks to Lemma 2.2. Furthermore, as u ∈ W 1,π(.)(Ω),
then Tk(u) ∈ W 1,π(.)(Ω), thanks to Lemma 2.1. □

Lemma 3.9. (See [25], Lemma 3.12)
For all φ ∈ C∞(Ω) and h ∈ C1

c (R),∫
Ω

a(x, uε,∇uε).∇(h(uε)φ)dx →
∫
Ω

a(x, u,∇u).∇(h(u)φ)dx =

∫
Ω

h(u)a(x, u,∇u)∇φdx

+

∫
Ω

h′(u)a(x, u,∇u)∇uφdx,

(3.47)

as ε → 0.

Lemma 3.10. The problem P (β, f, g) admits at least one renormalized solution.

Proof. We consider φ ∈ C∞(Ω), h ∈ C1
c (R) and h(uε)φ as a test fonction in (3.14). One has∫

Ω

a(x, uε,∇uε).∇(h(uε)φ)dx + ε

∫
Ω

[
|∇uε|p+−2∇uε.∇(h(uε)φ) + |uε|p+−2uεh(uε)φ

]
dx

+

∫
Ω

βε(uε)h(uε)φdx+ λ

∫
∂Ω

uεh(uε)φdσ

=

∫
Ω

fεh(uε)φdx+

∫
∂Ω

gεh(uε)φdσ.(3.48)
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First of all, we prove the convergence of the third term of the left hand side of (3.48). Let
us consider the following decomposition,∫

Ω

βε(uε)h(uε)φdx =

∫
Ω

βε(uε)
[
h(uε)− h(u)

]
φdx+

∫
Ω

βε(uε)h(u)φdx.(3.49)

The sequence
(
βε(uε)

[
h(uε) − h(u)

]
φ

)
ε>0

is uniformly bounded in L1(Ω) and it con-

verges to 0 a.e. in Ω, as ε → 0. Therefore, thanks to Vitali’s Theorem, the first term of the
right hand side of (3.49) converges to 0, as ε → 0. For the second term of the right hand
side of (3.49), we have

lim
ε→0

∫
Ω

βε(uε)h(u)φdx =

∫
Ω

h(u)φdz,

due to (3.32), the fact that h(u)φ ∈ Cc(Ω) and the density argument between Cc(Ω) and
C0(Ω). Thus, passing to the limit in (3.49), as ε → 0, we get

lim
ε→0

∫
Ω

βε(uε)h(uε)φdx =

∫
Ω

h(u)φdz.(3.50)

From the Lebesgue dominated convergence theorem, one gets

lim
ε→0

∫
Ω

fεh(uε)φdx =

∫
Ω

fh(u)φdx(3.51)

and

lim
ε→0

∫
∂Ω

gεh(uε)φdσ =

∫
∂Ω

gh(u)φdσ.(3.52)

For the first term of the left hand side of (3.48), one has

lim
ε→0

∫
Ω

a(x, uε,∇uε).∇(h(uε)φ)dx =

∫
Ω

h(u)a(x, u,∇u)∇φdx+

∫
Ω

h′(u)a(x, u,∇u)φ∇udx,

(3.53)

thanks to the Lemma 3.9. For the second term of the left hand side of (3.48), one gets

lim
ε→0

ε

∫
Ω

[
|∇uε|p+−2∇uε.∇(h(uε)φ) + |uε|p+−2uε(h(uε)φ)

]
dx = 0.(3.54)

We are now interested to the last term of the left hand side of (3.48). Using Lebesgue
dominated convergence theorem, we obtain

lim
ε→0

λ

∫
∂Ω

uεh(uε)φdσ = λ

∫
∂Ω

uh(u)φdσ.(3.55)

Indeed, (uε)ε>0 is uniformly bounded in W 1,p−(Ω) and W 1,p−(Ω) ↪→ C(Ω) for p− > N .
Then, (uε)ε>0 is uniformly bounded in L∞(∂Ω). Moreover, |uεh(uε)φ| ≤ C∥uε∥L∞(∂Ω)

and uεh(uε)φ → uh(u)φ a.e on ∂Ω. So, using (3.50), (3.51), (3.52), (3.53), (3.54), (3.55) and
(3.48), we get∫
Ω

h(u)φdz +

∫
Ω

h(u)a(x, u,∇u)∇φdx +

∫
Ω

h′(u)a(x, u,∇u)∇uφdx

+ λ

∫
∂Ω

uh(u)φdσ =

∫
Ω

fh(u)φdx+

∫
∂Ω

gh(u)φdσ,

(3.56)
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for all φ ∈ C∞(Ω) and for all h ∈ C1
c (R). Since C∞(Ω) is dense in W 1,π(.)(Ω), then, (3.56)

holds true with φ ∈ W 1,π(.)(Ω) ∩ L∞(Ω) i.e∫
Ω

h(u)φdz +

∫
Ω

h(u)a(x, u,∇u)∇φdx +

∫
Ω

h′(u)a(x, u,∇u)∇uφdx

+ λ

∫
∂Ω

uh(u)φdσ =

∫
Ω

fh(u)φdx+

∫
∂Ω

gh(u)φdσ,

(3.57)

for all φ ∈ W 1,π(.)(Ω) ∩ L∞(Ω) and for all h ∈ C1
c (R), which implies that z ∈ Mπ(.)

b (Ω).
Now, we give a Radon Nikodym decomposition result of the measure z.

Lemma 3.11. (See [25]-Lemma 3.15)
The Radon Nikodym decomposition of the measure z given by (3.57) with respect to LN ,

z = wLN + µ, with µ ⊥ LN ,

satisfies the following properties.
w ∈ β(u)LN − a.e. in Ω, w ∈ L1(Ω), µ ∈ Mπ(.)

b (Ω),

µ+ is concentrated on
[
u = M

]
∩
[
u ̸= ∞

]
and

µ− is concentrated on
[
u = m

]
∩
[
u ̸= −∞

]
.

Using the Radon Nikodym decomposition of measure z, the first term of (3.57) becomes∫
Ω

h(u)φdz =

∫
Ω

h(u)wφdx+

∫
Ω

h(u)φdµ.(3.58)

Combining (3.57) and (3.58), we obtain∫
Ω

h(u)wφdx+

∫
Ω

h(u)a(x, u,∇u)∇φdx +

∫
Ω

h′(u)a(x, u,∇u)∇uφdx

+

∫
Ω

h(u)φdµ+ λ

∫
∂Ω

uh(u)φdσ

=

∫
Ω

fh(u)φdx+

∫
∂Ω

gh(u)φdσ,

(3.59)

for all φ ∈ W 1,π(.)(Ω) ∩ L∞(Ω).
To end the proof of Theorem 3.2, we prove that

lim
M→∞

∫[
M<|u|<M+1

] a(x, u,∇u).∇udx = 0.(3.60)

Since |∇u| ∈ Lπ(.)(Ω), then using (1.4) with variable exponent π(.), a(x, u,∇u) ∈ Lπ′(.)(Ω)
and it follows from Hölder type inequality that a(x, u,∇u).∇u ∈ L1(Ω).

Moreover, u ∈ W 1,p−(Ω) ⊂ W 1,1(Ω), which implies that
∫
Ω

|u|dx < ∞. Therefore,∫
Ω

|u|dx ≥
∫[

|u|≥M
] |u|dx ≥ Mmeas(

[
|u| ≥ M

]
).

Then,

meas(
[
|u| ≥ M

]
) ≤ 1

M

∫
Ω

|u|dx ≤ C

M
,(3.61)
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for any M > 0 and C a positive constant not depending of M . Now, one has∫[
M<|u|<M+1

] a(x, u,∇u).∇udx ≤
∫[

|u|>M
] a(x, u,∇u).∇udx

≤
∫[

|u|≥M
] a(x, u,∇u).∇udx.(3.62)

Since meas(
[
|u| ≥ M

]
) → 0, as M → ∞, thanks to (3.61) and as a(x, u,∇u).∇u ∈ L1(Ω),

then
lim

M→∞

∫[
|u|≥M

] a(x, u,∇u).∇udx = 0.

Hence,

lim
M→∞

∫[
M<|u|<M+1

] a(x, u,∇u).∇udx = 0.

Finally, using Lemma 3.8, Lemma 3.11, (3.59) and (3.60), we deduce that (u,w) is a renor-
malized solution of problem P (β, f, g). □

The above proof conclude the proof of the existence result. □

One makes the following assumption on the function a, namely the local Lipschitz conti-
nuity with respect to z (see [2] where this assumption was used and commented).
For all bounded subset K of R× RN , there exists a constant C(K) such that

a.e. x ∈ Ω, for all (z, η), (z̃, η) ∈ K,

|a(x, z, η)− a(x, z̃, η)| ≤ C(K)|z − z̃|.(3.63)

Remark 3.3. Let (u,w) be a renormalized solution of the problem P (β, f, g), then u ∈ C(Ω),
since u ∈ W 1,p−(Ω) ↪→ C(Ω) for p− > N . Moreover, if u is a Lipschitz continuous function,
then u ∈ W 1,∞(Ω). Indeed, Ω is an open bounded domain with smooth boundary ∂Ω, so, the
space of Lipschitz functions C0,1(Ω) and W 1,∞(Ω) are homeomorphic and they can be identified.
The uniqueness in the sense of Theorem 3.2 seems difficult to prove. So, the following uniqueness
result reduces to the case where the domain of β is bounded (named a partial uniqueness result).

Theorem 3.4. Assume (1.2)-(1.6) and (3.63), with M in (1.4) which can be taken constant.
Assume that −∞ < m ≤ 0 ≤ M < ∞. Moreover, assume that f ∈ L1(Ω) and g ∈ L1(∂Ω)
such that the problem P (β, f, g) has a solution (u,w) in the sense that: u is a measurable and
Lipschitz continuous function such that Tk(u) ∈ W 1,π(.)(Ω) for all k > 0, u ∈ L1(∂Ω) and
u ∈ dom(β) LN a.e. Ω, w ∈ L1(Ω) and w ∈ β(u) LN a.e. Ω; and there exists a measure µ ∈
Mπ(.)

b (Ω) such that µ ⊥ LN , µ+ is concentrated on
[
u = M

]
, µ− is concentrated on

[
u = m

]
such that

(3.64)
∫
Ω

wφdx+

∫
Ω

a(x, u,∇u)∇φdx+

∫
Ω

φdµ+ λ

∫
∂Ω

uφdσ =

∫
Ω

fφdx+

∫
∂Ω

gφdσ,

for all φ ∈ W 1,π(.)(Ω) ∩ L∞(Ω).
Then, any other solution (ũ, w̃) of the problem P (β, f, g) in the sense of equality (3.64) associated
to µ̃ ∈ Mπ(.)

b (Ω), coincides with (v, w) i.e
u = ũ a.e. on ∂Ω,

w = w̃ a.e. in Ω

and
µ = µ̃.
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Before starting the proof of Theorem 3.4, we justify the relation (3.64). Let us consider the
function hk where k is a positive constant such that

hk ∈ C1
c (R), hk(s) ≥ 0, ∀s ∈ R,

hk(s) = 1 if |s| < k and hk(s) = 0 if |s| ≥ k.

Since the domain of β is bounded and the equality (3.59) holds for any h ∈ C1
c (R), we

choose h(s) = hk(s) = 1 in (3.59), for all s ∈
[
m, M

]
⊊

[
− k, k

]
= supp(hk). One obtains∫

Ω

wφdx+

∫
Ω

a(x, u,∇u).∇φdx+

∫
Ω

φdµ+ λ

∫
∂Ω

uφdσ =

∫
Ω

fφdx+

∫
∂Ω

gφdσ,

(3.65)

for all φ ∈ W 1,π(.)(Ω) ∩ L∞(Ω).

Proof of Theorem 3.4. For more details, see [2]-Proof of Theorem 2.8 and [24, 25].
Let (u1, w1) be a solution of the problem P (β, f, g), with u1 Lipschitz continuous function
and (u2, w2) be an other solution of the problem P (β, f, g) in the sense of the equality
(3.64).

Let ϕ :=
1

k
Tk(u1 − u2), then ϕ is an admissible test function in the formulations for both

(u1, w1) and (u2, w2). So, with this test function, one has∫
Ω

w1
1

k
Tk(u1 − u2)dx +

1

k

∫
Ω

a(x, u1,∇u1).∇(u1 − u2)χ[0<|u1−u2|<k]dx

+

∫
Ω

1

k
Tk(u1 − u2)dµ1 + λ

∫
∂Ω

u1
1

k
Tk(u1 − u2)dσ

=

∫
Ω

f
1

k
Tk(u1 − u2)dx+

∫
∂Ω

g
1

k
Tk(u1 − u2)dσ(3.66)

and ∫
Ω

w2
1

k
Tk(u1 − u2)dx +

1

k

∫
Ω

a(x, u2,∇u2).∇(u1 − u2)χ[0<|u1−u2|<k]dx

+

∫
Ω

1

k
Tk(u1 − u2)dµ2 + λ

∫
∂Ω

u2
1

k
Tk(u1 − u2)dσ

=

∫
Ω

f
1

k
Tk(u1 − u2)dx+

∫
∂Ω

g
1

k
Tk(u1 − u2)dσ.(3.67)

We substract (3.66) and (3.67) to get

1

k

∫
Ω

(
a(x, u1,∇u1)− a(x, u2,∇u2)

)
.∇(u1 − u2)χ[0<|u1−u2|<k]dx

+

∫
Ω

(
w1 − w2

)1
k
Tk(u1 − u2)dx+

∫
Ω

1

k
Tk(u1 − u2)(dµ1 − dµ2)

+ λ

∫
∂Ω

1

k
Tk(u1 − u2)(u1 − u2)dσ = 0.(3.68)

Let’s denote by I the first term of the left hand side of (3.68). We know that

(a(x, u1,∇u1)− a(x, u2,∇u2))∇(u1 − u2) = (a(x, u1,∇u1)− a(x, u2,∇u1))∇(u1 − u2)

+ (a(x, u2,∇u1)− a(x, u2,∇u2))∇(u1 − u2)︸ ︷︷ ︸
≥0

.
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One has

I = Ik +

∫
Ω

(
a(x, u2,∇u1)− a(x, u2,∇u2)

)1
k
∇(u1 − u2)χ[0<|u1−u2|<k]dx,

where

Ik =

∫
Ω

(
a(x, u1,∇u1)− a(x, u2,∇u1)

)1
k
∇(u1 − u2)χ[0<|u1−u2|<k]dx.

Let’s show that Ik → 0 as k → 0. Since u1 is bounded, then u2 is also bounded on the set
[0 < |u1 − u2| < k]. Thus, using (3.63), one obtains

|Ik| ≤ 1

k

∫
[0<|u1−u2|<k]

|a(x, u1,∇u1)− a(x, u2,∇u1)||∇u1 −∇u2|dx

≤ 1

k

∫
[0<|u1−u2|<k]

C
(
||u1||L∞(Ω), ||∇u1||L∞(Ω)

)
|u1 − u2||∇u1 −∇u2|dx

≤ C
(
||u1||L∞(Ω), ||∇u1||L∞(Ω)

) ∫
[0<|u1−u2|<k]

|∇u1 −∇u2|dx → 0, as k → 0.

(3.69)

Notice that lim
k→0

meas([0 < |u1 − u2| < k]) = 0 and |∇u1 −∇u2| ∈ L1(Ω).

For the second term of the left hand side of (3.68), one has

lim
k→0

∫
Ω

(
w1 − w2

)1
k
Tk(u1 − u2)dx =

∫
Ω

(w1 − w2)sign0(u1 − u2)dx

=

∫
Ω

|w1 − w2|dx.(3.70)

For the third term of the left hand side of (3.68), one has

lim
k→0

∫
Ω

1

k
Tk(u1 − u2)(dµ1 − dµ2) =

∫
Ω

sign0(u1 − u2)(dµ1 − dµ2)

=

∫
Ω

|dµ1 − dµ2|

=

∫
Ω

|d(µ1 − µ2)|.(3.71)

For the last term of the left hand side of (3.68), one obtains

lim
k→0

λ

∫
∂Ω

1

k
Tk(u1 − u2)(u1 − u2)dσ = λ

∫
∂Ω

∣∣u1 − u2

∣∣dσ.(3.72)

Finally, one lets k goes to 0 in (3.68) and taking into account the relations (3.69), (3.70),
(3.71) and (3.72), it follows that

lim
k→0

∫
Ω

(
a(x, u2,∇u1)− a(x, u2,∇u2)

)1
k
∇(u1 − u2)χ[0<|u1−u2|<k]dx

+

∫
Ω

|w1 − w2|dx+

∫
Ω

|d(µ1 − µ2)|+ λ

∫
∂Ω

|u1 − u2|dσ = 0.

(3.73)

Since all the terms of equality (3.73) are nonnegative, it follows that∫
Ω

|w1 − w2|dx = 0,

∫
Ω

|d(µ1 − µ2)| = 0 and
∫
∂Ω

|u1 − u2|dσ = 0.

Hence,
w1 = w2 a.e. in Ω, µ1 = µ2 and u1 = u2 a.e. on ∂Ω.
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□

4. CONCLUSION

In this work, we studied the existence and the partial uniqueness results of renormal-
ized solutions. The main existence result in Theorem 3.2 is obtained thanks to the technic
of pseudo-monotone operator in Banach space and the weak convergence method associ-
ated to the Young measure. Our uniqueness result in Theorem 3.4 is obtained by adding
two additional assumptions: the first one on the operator a(x, s, ξ) and the second one on
the domain of β which is assumed bounded, which leads to a partial uniqueness result
for us since these two assumptions were not used to prove the existence of solutions (see
Theorem 3.2).
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