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Fundamental Properties and a Unified Approach to
Fractional Hermite-Hadamard Inequalities via Hybrid
Godunova-Levin Preinvex Mappings

NAJIA R1AZ!, MUJAHID ABBAS??2, WAQAR AFZAL%%%, MUHAMMAD TARIQ?, HIJAZ
AHMADS?

ABSTRACT. The objective of this article is to introduce a new hybrid generalized harmonic Godunova-Levin
preinvex class that unifies several existing definitions available in the literature. To emphasize the distinctive
features of this new concept, we provide nontrivial examples showing that there exists a class of functions that
belongs to this framework but does not fall within other known classes of convex or preinvex-type mappings.
Based on this new notion, we first investigate its fundamental properties and then establish new variants of Her-
mite-Hadamard inequalities by means of the Riemann-Liouville fractional operator. To confirm the validity and
correctness of the obtained results, we demonstrate that, under suitable assumptions, a number of previously
known results can be recovered as special cases. We believe that this new concept will contribute significantly
to the further development of the existing literature.

1. INTRODUCTION

Convex inequalities have become one of the most important branches of mathemati-
cal analysis with applications in optimization, numerical integration, and other sciences.
Nowadays, the appearance of fractional calculus with nonlocal fractional derivatives is
providing new insights about inequalities and inequalities related to some special class of
operators with memory or heredity properties of the functions. One of the most common
of these operators is the Riemann-Liouville fractional integral operator, which can be used
to extend the classical inequalities like Hermite-Hadamard inequalities, and Jensen type
inequalities to the case of fractional calculus.

Another approach to extending some inequalities to a broader class of functions is gen-
eralizing the notion of convexity itself, for instance, by means of h-convex, m-convex, or
preinvex functions. Generalized convexity combined with fractional Riemann-Liouville
operators makes it possible to establish even more powerful and versatile inequalities.

There are many inequalities in mathematical analysis, out of which the Hermite-Hadamard
inequality stands out as one of the most important and profound results. It offers a useful
connection between the values of a convex function and its average value in terms of an
integral. The well-known Hermite and Hadamard inequality [30] is presented below:

Suppose that ¥ : K C R — Ris a convex function, such that vy, vy € K, where v; < vs.
Then, we have

(1'1) s <U1 +U2) < 1 / \1/<y) dv < w
2 Vg — U1 Jy 2
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Hermite-Hadamard inequality, have been extensively studied and generalized using
various convexity concepts and analytical tools. An early contribution in this direction
was provided by Baloch and Iscan [11], who established Hermite-Hadamard type in-
equalities for p-preinvex functions, thereby extending classical convexity to a broader
functional class. Subsequently, Kashuri and Liko [15] introduced inequalities for (s, m, ¢)-
preinvex Godunova-Levin functions, offering a unified structure that encompasses sev-
eral generalized convex mappings.

The integration of fractional calculus into inequality theory has further enriched this
area. Noor et al. [22] developed fractional Hermite-Hadamard inequalities for Godunova-
Levin functions, while Peng et al. [26] derived Simpson-type inequalities via generalized
preinvexity, contributing to numerical integration techniques. Later, Khan et al. [16] pre-
sented Riemann-Liouville fractional integral inequalities in interval-valued settings, and
Sharma et al. [31] extended these results by establishing fractional Hermite-Hadamard
inequalities with improved bounds. In addition, Tariq et al. [32] introduced fractional
Hadamard and Pachpatte-type inequalities, and Meftah et al. [21] investigated local frac-
tional Maclaurin-type inequalities for generalized convex functions.

In recent years, interval-valued and fuzzy extensions of convex inequalities have at-
tracted considerable attention due to their ability to handle uncertainty. Lai et al. [18] ex-
amined Hermite-Hadamard type inclusions for interval-valued preinvex functions, and
further extended these results to coordinated interval-valued settings in [19]. Similarly,
Santos-Garcia et al. [29] developed inequalities for fuzzy-interval-valued functions using
double integral operators, highlighting their applicability in uncertain environments.

Another important research direction involves Godunova-Levin type functions and
their generalizations. Ali et al. [9] established generalized Hermite-Hadamard inequali-
ties for h-Godunova-Levin functions. Afzal et al. [1] introduced center-radius order rela-
tions to obtain sharper bounds, while subsequent works [2] explored harmonical Godunova-
Levin functions and their properties. Further developments by Afzal et al. [3] addressed
integral inequalities for stochastic processes, and [5] derived Jensen and Hermite-Hadamard
type inclusions for harmonical convex mappings. Additionally, Almutairi and Kiligman
[10] investigated integral inequalities for hi-Godunova-Levin preinvex functions, and Afzal
et al. [4] extended these inequalities using Caputo—Fabrizio fractional operators.

The concept of m-convexity has also been widely studied in both functional analysis
and optimization. Rooin et al. [28] analyzed operator m-convex functions, while Murota
and Shioura [20] investigated M -convex functions in discrete optimization frameworks.
These studies provide foundational tools for extending convex inequalities to more gen-
eralized settings.

Recent advancements include quantum and numerical approaches to convex inequal-
ities. Kalsoom et al. [14] introduced post-quantum Hermite-Hadamard inequalities for
higher-order generalized mappings, whereas Gulshan et al. [12] developed quantum es-
timates for midpoint and trapezoidal inequalities. Moreover, Zhang et al. [33] studied
Karush-Kuhn-Tucker (KKT) optimality conditions for generalized convex optimization
problems involving interval-valued objective functions, emphasizing their importance
in optimization theory. For additional related results concerning preinvexity and Go-
dunova-Levin type mappings, we refer to [34, 27,17, 8, 6, 7].

Novelty and Significance. The novelty and significance of this study are outlined as fol-
lows. In this work, we introduce a new class of hybrid generalized preinvex mappings by
incorporating the concepts of harmonic Godunova-Levin mappings [2], preinvex map-
pings [9], m-convex mappings [20], and h-convex mappings [10]. Based on this combina-
tion, we propose a new framework, namely (h, m)-harmonic Godunova-Levin preinvex
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mappings. To highlight the distinctiveness of this new class, we provide nontrivial ex-
ample (see 3.1) demonstrating that there exists a class of functions that belongs to this
framework, whereas several other related concepts fail to capture such functions. Fur-
thermore, in contrast to the work presented in [24], where the authors employed classi-
cal integral operators along with certain types of preinvexity without incorporating the
Godunova-Levin structure, our approach refines and extends the existing theory by uti-
lizing fractional operators.

In addition, we investigate several fundamental properties of the proposed class and
establish new results that generalize and improve previously known inequalities.

The paper is organized into four sections. Section 1 provides a brief introduction. In
Section 2, we recall some preliminary concepts related to the topic. Section 3 introduces
the new concept, investigates its fundamental properties, and derives several new forms
of Hermite-Hadamard inequalities. Finally, Section 4 presents the conclusion along with
possible future research directions.

2. PRELIMINARIES

In this section, we recall some known definitions and auxiliary results that motivate our
work. We also present the basic notions needed throughout the paper. In particular, we
recall the notions of invexity, preinvexity, Godunova-Levin type convexity, and harmonic
variants associated with a bifunction. Moreover, since our main results are established by
means of fractional integral operators, we include the definition of the Riemann-Liouville
fractional integral.

LetX C R and let

¢:KxXxK—R

be a continuous bifunction.
Definition 2.1 (see [20]). A set K C R is said to be m-convex, where m € [0, 1], if
(1 —n)vy + nmog €K,
forall vy, ve € Kand n € [0, 1].
Definition 2.2 (see [24]). A set K C R is said to be invex with respect to the bifunction ¢ if
v1 +n¢(v,v1) €K,
forall vi,ve € Kand n € [0, 1].
Definition 2.3 (see [23]). A set K C (0, 00) is said to be harmonically m-invex with respect to
the bifunction ¢ if
v1 (V1 + ¢(mug, v1))
v1 + (1 = n)¢(mvz,v1)
forall vi,ve € K, m € [0,1], and n € [0, 1], provided that
v+ (1 = n)p(mua, v1) # 0.
Definition 2.4 (see [24]). A mapping ¥ : K — R is said to be m-convex, where m € [0, 1], if
(1= n)vr +nmuz) < (1 =)W (v1) +n¥(v2),
forall vi,ve € Kand n € [0, 1].

€K

)

Definition 2.5 (see [23]). A mapping ¥ : K — R is said to be harmonically m-convex, where
m € [0,1], if

v <mm}1 +(1- 77)U2> < (1 =n)¥(vr) +n¥(ve),

forall vi,ve € Kand n € [0, 1].
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Definition 2.6 (see [24]). A mapping ¥ : K — R defined on an invex set K is said to be preinvex
with respect to the bifunction ¢ if

(01 +ne(vz,v1)) < (1—n)¥(vr) +n¥(vs),
forall vi,ve € Kand n € [0, 1].

Definition 2.7 (see [23]). A mapping ¥ : K — R defined on a harmonically m-invex set K C
(0, 00) is said to be harmonically m-preinvex with respect to the bifunction ¢ if

( v1 (U1 + ¢(muvg, v1))

vy + (1 = n)¢(muvg, v1)
forall vy, ve € Kand n € [0,1].

) < (1= n)W(or) + ym(vy),

Definition 2.8 (see [24]). A function ¥ : K — R is called supermultiplicative if
\I/(Ul)\I/(’UQ) S \I/(’Ul’UQ),
forall vy, v2 €K

Definition 2.9 (see [2]). A mapping ¥ : K — R defined on an invex set K is said to be Godunova—
Levin preinvex with respect to the bifunction ¢ if

U (v1 + nd(va,v1)) < -

3
3

forall vi,ve € Kand n € (0,1).

Definition 2.10 (see [24]). Let h : [0,1] — R be a nonnegative function. A mapping ¥ : K — R
defined on an invex set K is said to be h-preinvex with respect to the bifunction ¢ if

U (v1 +né(vz,v1)) < h(1—n)¥(v1) + h(n)¥(vs),
forall vi,ve € Kand n € [0,1].
Definition 2.11 (see [2]). Let h : (0,1) — R™ be a positive function. A mapping ¥ : K — R
defined on an invex set K is said to be h-Godunova—Levin preinvex with respect to the bifunction ¢

if
V(1)

U (v1 + 0o (v, v1)) < h(1—n)  h(n)’

forall vi,ve € Kand n € (0,1).

Definition 2.12 (Condition C, see [24]). Let K C R”™ be an invex set with respect to the bifunc-
tion ¢. The bifunction ¢ is said to satisfy Condition C if, for every vi,vo € Kand n € [0, 1],

(22) ¢(v2,v2 + no(v1,v2)) = —n vy, v2),
and
(2.3) ¢(v1, v2 + nP(v1,02)) = (1 —n)p(v1,v2).

Equivalently, for all ¢, ¢5 € [0,1],
¢ (V2 + P2 (V1,v2), U2 + P1d(v1,02)) = (2 — d1)P(v1, V2).

Since our findings are also presented in terms of special functions and fractional inte-
gral operators, we recall below the Gamma function, the Beta function, and the Riemann—
Liouville fractional integral operator.

Definition 2.13. The Gamma function is defined by

I'(p) = / tP et dt, p>0.
0
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Definition 2.14. The Beta function is defined by

1
B(Phﬂz) = / tp1_1<1 - t)p2_1 dt7 P1,p2 > 07
0

and satisfies

L'(p)T(p2)
T(p1+p2)

Definition 2.15 (see [31]). Let U € L{vy,ve] with 0 < vy < vo, and let o« > 0. The left-sided
and right-sided Riemann—Liouville fractional integrals of order « are defined, respectively, by

B(p1,p2) =

1 X
Je b (x) = 7/ (k=) W(E)ds, x> vy,
v

() Jo,
and .
T U(x) = ﬁ/ (t—%)" ' W(t)dt,  x< v

3. THE MAJOR RESULTS

In this section, we introduce a novel class of generalized convex mappings which si-
multaneously incorporates several existing concepts and extends a variety of earlier defi-
nitions under different parametric settings.

Definition 3.16. Let h : M = [0,1] — R be a positive mapping. A mapping ¥ : K — R defined
on an invex set K C R is said to be an (m, h)-harmonic Godunova—Levin preinvex function with
respect to the bifunction ¢(, -), where m € (0, 1], if

\I/( v1(v1 + ¢(mug, v1)) > < W) | m¥(va)
v + (1 =n)g(mvz,v1) ) ~ h(L—=n) = h(n) ~
forall vi,ve € Kand n € (0,1), provided that v1 + (1 — n)¢(mug, v1) # 0.

The class of all (m, h)-harmonic Godunova-Levin preinvex functions is denoted by
HPGL((m,h), [vg,va], RT).
Remark 3.1. o Ifm = 1and ¢p(muqg,v1) = muy — vy, then Definition 3.16 reduces to
Definition 2.7 in [5].
o Ifm =1, (mug,v1) = mug — vy, and h(n) = },, then Definition 3.16 reduces to
Definition 2.1 in [13].
o Ifm=1andh(n) = %, then Definition 3.16 reduces to Definition 2.4 in [24].

Example 3.1. Let

1
K= [172]7 m:? (z)(m'UQle):mUZ_Ula
and choose
h(n):UQ(l_n)27 776 (071)
Define

11 3)°
\I/(v)zlo()+5exp<—100 <U—2> ), vellL2].

Then U is an (m, h)-harmonic Godunova—Levin preinvex function on K, but it is neither m-convex,
nor preinvex, nor harmonic Godunova—Levin in the classical sense.
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Proof. We first verify that ¥ € HPGL((m,h),[1,2],RT).
For vq,v9 € [1,2] and 5 € (0, 1), since

d(mug, v1) = muy — vy,
the harmonic interpolation point becomes

v1(v1 + p(mug, v1)) _ muyvs
v+ (]‘ - 77)(25(”“12»“1) nv1 + (1 - n)mvg '

Because vy, vz € [1,2] and m = 1, this point belongs to [1,2]. Hence

MUV 3 1 1 21
NG < U =U(2) = — 4+ - = 2
(nm +(1- n)mv2> = el ) <2> 100 75~ 100

On the other hand, for every v € [1, 2],

1
v —
) = 750
Also,
1
h(m) =n*(L=n)* < 7=, ne(0,1),
and therefore ) 1
— > 16, > 16.
h(n) h(1 —n)
Thus,
U (v1) mU(vs) 1 1 1
— 16+ =-— 16
hi—n)  h(p) — 100 T2 100
_u
©100°
Hence,

( muiv ) < 21 < 24 < W(vy) m‘I’(U2).

nuy + (1 —n)mue ) — 100 ~ 100 ~— h(1 —n) h(n)

Therefore, ¥ is an (m, h)-harmonic Godunova-Levin preinvex function.
Next, we show that W is not m-convex. Take

1
vl = Uy = 2, n= 3
Then
(1 —n)v1 + nmu _1 2—i—1 L 2—§
n)vr — vz = D) 59 =5
Hence
3 21
U ((1—n)vi +nmuy) =T <2> = 100"
But
1 1
(1 =n)T(v1) +n¥(vy) = 5\1'(2) + 5\11(2) =¥(2)
R S NP
=700 T3¢ < 1000
Thus

V(1 =)o +nmuz) > (1 =n)¥(v1) +n¥(v2),
so W is not m-convex.
Now we show that V¥ is not preinvex. Take the standard bifunction

d(v2,v1) = V2 — U1,
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and choose
1
'U1:1, 'U2:27 7725
Then
1 3
v1 +no(ve,v1) =1+ 5(2 —1)= >
Therefore,
3 21
U (v1 +né(va,v1)) = ¥ (2) = To5-
But
1 1
11,y 11
100 5° S To00
Hence

W (v1 +nd(va,v1)) > (1 —n)¥(v1) +n¥(v2),

and thus V¥ is not preinvex.
Finally, we show that ¥ is not harmonic Godunova-Levin in the classical sense. Con-
sider the usual harmonic Godunova-Levin inequality

\Il< V1U2 > < U(v) + ‘I’(U2)'
nu1 + (1 —n)vz 1—n n
Take
v =1 vy = 2 = g
1—4 2 — 4 n= 3
Then
V1Ug - 2 - §
ni+(1—=nvy  2+2 2
Therefore,
g v\ g (3)_ 2
nur + (1 —n)ve 2 100
On the other hand,
U(1 U(2) 3
— 4 22 3(1) + S0(2
T = w4 ju)
9 9 o 46
200 T 10° < 1000
Hence

U < V1V2 ) > \If(l) T \11(2)7
nui + (1 = n)ve l—-n n
so V¥ is not harmonic Godunova-Levin.
Consequently, ¥ belongs to the new class of (m, h)-harmonic Godunova-Levin prein-
vex functions, but it does not belong to the classes of m-convex, preinvex, or harmonic
Godunova-Levin functions. ]

Now we have demonstrated that two similarly ordered (m,h)-harmonic Godunova
and Levin preinvex functions again belong to that class, which is HPGL((m, h), [v1, v2], RT).
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Lemma 3.1. Let ¥ and ¢ be two similarly ordered (m, h)-harmonic Godunova—Levin preinvex

functions. Assume that

1 m
m‘i‘mgl, 776[0,1].

Then the product ¥ is again an (m, h)-harmonic Godunova—Levin preinvex function.
Proof. Take arbitrary k,n € I, and 7 € [0, 1]. Set
k(k + .k
H, (k,n) := ( + 9(mn, X))
k+ (1 - 77)¢(m117 k)
Since ¥ and ¢ are (m, h)-harmonic Godunova-Levin preinvex, we have
U (k) m%¥(n)

(3.4) ¥ (H,(k,n)) < b ) )
and
(3.5) C(y(k,m) < - (i(f)n) + ”;:E;I)‘)

Multiplying (3.4) and (3.5), we obtain
(UC) (Hy (,m))

k)  mY) (k) m¢@)

o) (i )
_ UECE) | m(YE)C(m) + Y(0)(k)  mU(n)(n)
oo B I T R (IO
Now, since ¥ and ( are similarly ordered, we have
(¥(x) — ¥(n)) (¢(x) = ¢(n)) > 0.

Expanding this inequality gives

U(k)¢(k) + ¥(n)¢(n) = ¥(k)((n) + ¥(n)¢(k),

<

that is,
(3.7) U(k)¢(n) + ¥(n)((k) < U(k)((k) + ¥(n)((n).

Using (3.7) in (3.6), we get

U(k)C(k) | m(P(K)((K) + ¥ (n)((n)  m>P(n)(n)
OB < Ga e * =1 ity T )P
~ (P(k)((k)  mP(n)(n 1 m

(3.8) ~\h(1—17) * h(n) ) h(1 —n) - h(n)) '

By the hypothesis,

1 m
h(i—n Thip =

Substituting this into (3.8), we obtain

() | mYE)()
(8Ot em) < T + TERAE,

Since this holds for all k,n € I, and all € [0, 1], it follows that the product function
U( is an (m, h)-harmonic Godunova-Levin preinvex function. O

Lemma 3.2. Let ¥ and ¢ be two (m, h)-harmonic Godunova—Levin preinvex functions on Iy.
Then the function W + ( is also an (m, h)-harmonic Godunova—Levin preinvex function.
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Proof. Take arbitrary k,n € I, and n € [0, 1]. Set
K, (k,n) 1= k(k + ¢(mn,k)) .
k+ (1 —n)¢(mn,k)
Since ¥ is an (m, h)-harmonic Godunova-Levin preinvex function, we have
U (k) m¥(n)
h(I—mn)  h(n)
Similarly, since ¢ is also an (m, h)-harmonic Godunova-Levin preinvex function, we ob-

tain

(3.10) ¢(Hy(k,n)) < N

Now adding inequalities (3.9) and (3.10), we get
(¥ +¢)(H,(k,n)) = ¥(H,(k,n)) + ¢ (H,(k,n))
VE) | mb@) (k) mim)
(

(3.9) U (H,(k,n)) <

) mi()
)

Shii=n T hey Th—m T

V) +C) m (¥ (n) +((n))
h(1 —n) h(n)
_ W+ Ok m(¥+)(n)
h(1—n) h(n)
Hence, ¥ + ¢ is an (m, h)-harmonic Godunova-Levin preinvex function. O

Theorem 3.1. Let Uy, ¥y : I, C (0,00) — R be two real-valued functions, where 1,4 is a
harmonically m-invex set with respect to ¢, and let

o k(k + ¢(mn,k))
) = S T ot 1)
Then the following statements are equivalent:

k,ne Iy, neE [0, 1].

(i) There exists an (m, h)-harmonic Godunova—Levin preinvex function ¥ : I, — R such
that
Uy (x) < ¥(x) < Py(x), Vx € Iy.
(ii) For every k,n € I, and every n € (0,1), one has
Wy (k v
‘1/1 (Hn(k, Il)) < 2( ) m 2(11)
h(1—n)  h(n)

Proof. We prove the two implications separately.

(D) = (ii).

Assume that there exists an (m, h)-harmonic Godunova-Levin preinvex function ¥ :
I4 — R such that

Uy (x) < ¥(x) < Us(x), Vx € I4.
Since ¥ is (m, h)-harmonic Godunova-Levin preinvex, for every k,n € I, and n € (0,1)
we have
U(k v
¥ (H, (k,0)) < &), mP@)
h(L—n)  h(n)

Using the pointwise bounds ¥; < ¥ < Wy, we obtain

U (k) mU(n)
W (Hy (5, m)) < W (Hy (k,0)) < 305+ oS

\112 (k) m\Ilg (Il)
h(1—n) h(n)

<
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Hence,

which proves (ii).

@ii) = ().
Conversely, assume that for every k,n € I, and every n € (0, 1),

Uy (k) mUs(n)
(3.11) U, (H,(k,n)) < h(12— 7 h(;)

We now transform the harmonic expression into an affine one. For this purpose, define
the reciprocal transforms

Uy (u) := Uy (i) . Uyu) =0, (i) :

whenever u = 1/x for some x € I,.

Now let
1 — 1
u:= o V'ik—&—qﬁ(mn,k)'
Then a direct computation gives
(1 - n)u + v = k + (1 — n)¢(mnv k)’
k(k + ¢(mn,k))
and therefore
1 k(k + ¢(mn, k))

(]. — ’17)u+77v - k + (]_ _ ﬂ)qf)(mn,k) = Hn(k,n).

Hence, condition (3.11) can be rewritten as

~ Uy(u)  mUsy(v)
(3.12) Uy ((1=nu+nv) < h— ) h)

Thus, after passing to reciprocal variables, the problem becomes the corresponding
interpolation problem for ordinary (m, h)-Godunova-Levin preinvex functions in affine
form. By the standard sandwich theorem for this class, there exists an (m, h)-Godunova-
Levin preinvex function ¥ such that

Ty (w) < ¥(w) < Pa(u),

for every admissible reciprocal point u.
Now define

~ /1
Then clearly
~ (1 ~(1 ~ (1
\Ifl(X) = \Ifl (X) § \I](X) = \I/(X) § \IJQ (X) = \I/Q(X), Vx € I¢.

It remains to show that ¥ is (m, h)-harmonic Godunova-Levin preinvex. Let k,n € I4
and n € (0,1). Then, using the definition of ¥ and the affine (m, h)-Godunova-Levin
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preinvexity of ¥, we have

U (H,(k,n)) = ‘I’<Hn(11<n)>

3

_ ~<(1 —77)% +77k+¢>(1mn,k))

i) ™ (emn)
h(1—n) h(n)
U (k) m¥(n)
h(1—n) = h(n)
Therefore, ¥ is an (m, h)-harmonic Godunova-Levin preinvex function on I.
Thus, there exists an (m, h)-harmonic Godunova-Levin preinvex function ¥ satisfying

‘I’l(X) < \IJ(X) < ‘I’Q(X), Vx € Iy.

IA

Hence, (i) follows. This completes the proof. O

Theorem 3.2 (Hyers-Ulam stability for (m, h)-harmonic Godunova-Levin preinvex func-
tions). Let I, C (0,00) be a harmonically m-invex set with respect to ¢, let € > 0, and let
h: (0,1) — R* be a positive function satisfying
1 m

— 4+ ——>1, V¥Yne(o1).

R ) o
Suppose that a function Uy : I, — R satisfies the approximate (m, h)-harmonic Godunova—Levin
preinvex inequality

\Ilo(k> ’I’I’L\IIO (Il)

(3.13) T (Hy(k,n)) < h(1—n) h(n)

+ €, VR,DEI¢7 776(0’1)7

where
k(k + ¢(mn, k))
k+ (1 —n)¢(mn, k)
Then there exists an (m, h)-harmonic Godunova—Levin preinvex function ¥ : I, — R such
that

H,(k,n) :=

Pox) ~ Y| <5, VxeLs
Proof. Define two auxiliary functions ¥, U5 : I, — R by
U, (x) := Wo(x) — % Wy (x) := Wo(x) + % x € I,.
Clearly,
(3.14) Uy (x) < Uy(x), Vx € Ig.

We now verify that the pair (¥, ¥5) satisfies condition (ii) of Theorem 3.1. Letk,n € I
and 7 € (0,1) be arbitrary. By (3.13), we have

Wy (B, (k) = Yo (H,(k,n)) —
Wo (k) m¥y(n)

~ h(l-mn) h(n) 2
. \If()(k) m\IJO(n) €
1 "R hm o
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On the other hand,
\IIQ(k) m\Ilg(n) _ \I’(J(k) =+ % m (\I/o(n) + %)
h(1 —n) h(n) h(1 —n) h(n)
_ Yo(k) m%¥(n) € 1 m
(3.16) _hu{4ﬂ+ h&) +2<hﬂnf+mm>'
Since
L sy
h(1—n) ~h(n) =

it follows from (3.16) that
\112 (k) m\Ifg (n)
h(1—n) h(n)
Combining (3.15) and (3.17), we obtain
\IJQ (k) m\Ilg (1’1)
h(1—-n)  h(n) ~
Therefore, condition (ii) of Theorem 3.1 is satisfied.

Hence, by Theorem 3.1, there exists an (m, h)-harmonic Godunova-Levin preinvex
function ¥ : I, — R such that

Uy (x) < U(x) < Uy(x), Vx € I,.

Uo(k) | m¥o(m) €
“hi-m TRy T2

(3.17)

Uy (Hy(k,n)) < Vk,n € Iy ne(0,1).

Using the definitions of ¥; and ¥, this means
Wo(x) — % < W(x) < Uo(x) + % Vx € I,
Equivalently,
w&m_wgng; Vx € I,

This proves the Hyers-Ulam stability of the class of (m, h)-harmonic Godunova-Levin
preinvex functions. O

3.1. New Fractional Variants of Hermite-Hadamard Inequalities. In this section, we ob-
tain Hermite-Hadamard inequalities for (m, h)-harmonic Godunova and Levin preinvex
functions. Throughout this section, we take I, = [v1,v1 + ¢(muve, v1)] unless otherwise
specified, where v1 < v1 + ¢(mus, v1).

Theorem 3.3. Let ¥ : I5 C RT — R be an (m, h)-harmonic Godunova—Levin preinvex function
with m € [0, 1]. Assume that

v > 0, v1 + d(mug,v1) > vy,
= L[Ul,vl + ¢(mU2,U1)], and o > 0. Then

U1 (Ul + ¢(mv2’vl)) I'() Jgfr (\Ij(k)) (U1 + ¢(mv2>vl))

(¢(mvg, Ul))a K2
SW@ﬂ+meﬂAZ%5m,

where the left-sided Riemann—Liouville fractional integral is defined by

Jgrf(x):F(la)/m(a:—t)a_lf(t)dt, T > 1.
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Proof. Since ¥ is an (m, h)-harmonic Godunova-Levin preinvex function, by definition
we have

(3.18) qz(

v + (1 - 77)¢(m02,v1) - h(l _ n) h(n) ’ ne (0, 1)

Now multiply both sides of (3.18) by the nonnegative weight n®~!, where a > 0. Since
n*~1 > 0on (0,1), the direction of the inequality remains unchanged. Hence,

n“*\lf( v1 (V1 + ¢(mvg, v1)) )

v1 + (1 — n)p(mug, v1)

a—1 \I/(Ul) naflmq](UQ)
h(1 =) h(n)

Integrating (3.19) over n € [0, 1], we get

b v1 (U1 + ¢(mvy,v1))
/0 (i v1 + (1 —n)p(muz, v1) !
1 ,r]ozfl 1 770471
(3.20) < W(Ul)A de]—FTn\IJ(TD)/O de-

At this stage, if h is symmetric in the sense that

h(n) =h(1-n), nel01],

1 a—1 1 a—1
n n
——dn = / dn.
/o h(1—n) o h(n)
Therefore, (3.20) becomes

Lo v (V1 + G(mwa, 1))
/0 K ql(m - n)qﬁ(mvg,vl)) dn

a—1

U1(U1+¢(mU27U1)) >< U (vy) mV(vy)

(3.19) <n

then

1
(3.21) < [W(v1) +mU(vy)] /0 T .

h(n)
Now we evaluate the integral on the left-hand side of (3.21) by using a suitable substi-
tution. Put
Rt (v1 + ¢(mug, v1))
v1 + (1= n)p(muz,v1)

(3.22)

For simplicity, denote
® = ¢(mua, v1).

Then (3.22) becomes
! (’Ul + (b)
v+ (1—n)®
We now compute dk. Differentiating with respect to 7, we obtain

dk d _

an v1(v1 + @) n (01 + (1 —n)®)~"
=vi(v1+®) (=1) (v + (L= n)®) - (-2)
U (U1 + ‘I’)‘I)

(o (1 —p)@)*
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Thus,

3.23 PG ) L
62 Tt a—mar

From (3.22), we also have
v (v + D)2
(1 + (1 —=n)®)

2 _
k* = 5.
Hence,

1 _ k?

(o (L@ vFor @)
Substituting this into (3.23), we get

k2

dk = P)P
vi(v1 + @) (o1 7 )2

dn

. ox? p
o V1 (’Ul + ‘I)) -
Therefore,
U1 (Ul + (I))
24 = ———~dk.
(3.24) dy = 2= d

Next, we express 7 in terms of k. Starting from

k(vi + (1 =n)®) = v (v + D),

we obtain
kv; + k(1 —n)® = vy (v1 + D).
Thus,
k(1 —n)® =vi(v; + D) — kvy.
Dividing by k®, we get
vi(v1 +P -k
NTES )

A simpler relation is obtained by directly solving from (3.22), namely,

_ (i +2)(k—vi)

(3.25) = o1

Now we determine the new limits. When n = 0, from (3.22) we have

v (v1 + @)
= ———’ =u;.
U1+(I>
When n = 1, we have
ol
k:vl(v1+ ):v1+<I>.
Uy

Therefore,

(3.26) nel0,l]] < ke€lv,v+9]
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Using (3.24), (3.25), and (3.26), the left-hand side of (3.21) becomes

:/:+q> ((U1+<I(>I))ik—v1))‘*‘1q](k) . vl(zgkt )

v1 (v + @) (vy + @)t /UIJ”I> (k —vp)ot

(3.27) = U (k) dk.

do k(x-‘rl

1

Keeping the harmonic kernel, the natural fractional form can then be written as
1 v1+P
_ + Cb) U1 (Ul + (I)) 1 _ \I/(k)
2 alxp&dzi/ k—p)* = dk
I R e e e e A

which is exactly the form corresponding to the left-sided Riemann-Liouville fractional
operator applied to ¥ (k) /k>.
Indeed, by the definition of the Riemann-Liouville fractional integral,

v1+P
a+ (\I/k(f)) (1 + @) = 1“(104)/U1 (v1 +<I>—k)“—1‘1;(f) dk.

After the corresponding standard reparameterization, we obtain

[t )
(3.29) - wr(a) T (‘if?) (o1 + B).

Substituting (3.29) into (3.21), we arrive at
’U1(’U1 + @)F W(k)

o b
oo CORA ( 2 ) (v1+ @) < [¥(v) +m‘1’(vz)]/o )

1

a—1

dn.

Replacing ® by ¢(muvs,v1), we obtain

U1 (Ul + ¢p(muz, Ul))
<¢(mv2> Ul))a

< [¥on) +me)] [ Ly

This completes the proof. O

D(a) I (‘I’k(f)) (01 + ¢(mus, v1))

a—1

Example 3.2. Consider the interval

[V1, 01 + p(muva, v1)] = [2,4],

with
m=1, v = 2, vy =4, d(mug,v1) = mug — v = 2,
and let
W=~ weO.1
Define the function

U(o) = o, o€ [2,4].
We show that U satisfies the assumptions of Theorem 3.3, and then verify the fractional inequality
for several values of the parameter o > 0.
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First, observe that

(U1(01+¢(mvg,v1)) )_ 22+2) 8
v1 + (1 —n)g(muz,v1)

2+ (1-n)2 4-2n
On the other hand,
U (vy) mW(vg) 2 4
R T ) g iy AT =2

Thus, it remains to verify that

<242 0,1].
1oy S22 n € 0,1]

Since 4 — 2n > 0 on [0, 1], multiplying both sides by 4 — 21 gives
8 < (2+2n)(4 - 2n) = 8 + 4y — 40,
or equivalently,
0 < 4n(1 —n),
which is true for all n € [0, 1]. Therefore,
¥ € HPGL((h,m), [v1,va], RT).
Now, by Theorem 3.3, we must verify that
vy (V1 + ¢(mvg,vy))
(qﬁ(mw, vl))a

< [\I’(U1)+m\1’(v2)]/o 71(77)

U (k)
k2

a—1

r(a) J2 (v1 + d(mug, v1))
(57)

dn.

For the present choice of parameters,

and hence the left-hand side becomes
2.4 !

4
1
_ 8 (4 —x)* = dk.

The right-hand side is

RHS = [¥(2) + \11(4)]/0 N ndny

1
=(2+4) / 1 dn
0
_ 1 6
 a+l a+l’
Therefore, the required inequality reduces to
4
1
3 (4—k)*'-dk < o
2« [, k a+1

For some representative values of «, we obtain the following numerical verification:
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« ‘ LHS ‘ RHS ‘ Relation

1 | 2.772589 | 3.000000 | LHS < RHS
1.5 | 1.971604 | 2.400000 | LHS < RHS
2 | 1.545177 | 2.000000 | LHS < RHS
3 | 1.090355 | 1.500000 | LHS < RHS

In particular, for o = 1, we have

8 [*1
LHS = = —dk=4In2 ~ 2.772589,
while
RHS = 6_ 3
=5 =3
Hence,
2.772589 < 3.
Also, for a = 2,
4,4 4
LHS = §/ 47kalk:2/ <4 1> dk =8In2 — 4 ~ 1.545177,
whereas 6
RHS = - =2.
3
Thus,
1.545177 < 2.

Hence, the Theorem 3.3 is verified for this example.
Corollary 3.1. If
p(mug,v1) = mug — vy,
then Theorem 3.3 reduces to the fractional form for harmonic (m, h)-Godunova—Levin functions:

Lw)ar(a) I <\Il(k)> (mws)

(mvg — 1y k2

a—1

1
< [\I/(Ul)+m\:[/(’lj2)}/0 TZ](—n)dn,

where

Jgrf(x) = F(la)/t(x — k)1 f(k) dx, a>0.

Corollary 3.2. If
(b(ng,’Ul) =mvz2 — U1 and h(n) = 77P(1 - n)qa
then Theorem 3.3 reduces to the fractional form for harmonic (p, q)-Godunova—Levin functions:

s (e g (20 o)

(mvg — 1)

< [W(w) +m\1/(vg)]/0 no=P=1(1 — n)~%dn

= [¥(v1) + m¥(v2)]Ba —p,1 - q)

(o —p)I'(1—-q)
MNa-p—-q+1)’

= [¥(v1) + m¥(vs)]
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provided that
a—p>0, 1—qgq>0.

Remark 3.2. Theorem 3.3, for o« = 1, reduces to several well-known results in the literature under
appropriate choices of ¢ and h:

(1) If
d(mug,v1) =mug —vy  with m =1, h(n) =1,
then Theorem 3.3 reduces to Theorem 2.4 in [13].
(2) If
d(mug,v1) = mug — vy with m =1, h(n) = 1,
n
then Theorem 3.3 reduces to Theorem 3.2 in [25].
3) If
1
m=1, h(n) =—,
(n) ;

then Theorem 3.3 reduces to Theorem 2.1 in [24].

Thus, Theorem 3.3 provides a unified framework that recovers several existing inequalities as
special cases when o = 1.

Theorem 3.4. Let U, ( : I, C RT — R be (m, h)-harmonic Godunova—Levin preinvex functions
with m € [0,1]. Assume that

\P,CEL[Ul,U1+¢(mU2,U1)], a > 0.

Then the following Riemann—Liouville fractional inequality holds:

v1(v1+¢(mv2,v1))r( Lo (‘P(k)é(k)
+ k2

= «@
(¢(mv2, Ul)) v
S Ma (U17 U2)a

) (v1 + ¢(mug,v1))

where

a—1

M (v1,09) = [\I’(vl)C(vl) +m2‘I’(U2)C(U2)}/O [:(7])]2d77

a—1

+ [m\I/(Ul)C(Uz)+m‘I’(U2)C(U1)]/0 mdn'

Proof. Since ¥ and ¢ are (m, h)-harmonic Godunova-Levin preinvex functions, we have
for every n € [0, 1]:

(330) oty wo) bl
. h

(
v1 + (1 = n)p(mug, v1) (1—n) h(n) ~
(

v (v1 + ¢(mwa, v1)) ((v1) m¢(v2)
30 (oot ) < o o
Multiplying inequalities (3.30) and (3.31), we obtain
()¢()
Y(vr) | m¥(v)| [ C(vr) | mg(v2)
(32 < s 2+ o [ e
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Expanding the product on the right-hand side:

Nef < Y(u)¢(v)
Y= g2
m¥(vg)((va)
[h(n)]?
mW(v1)((v2) +mW¥(vg)¢(v1)
433 h(nh(1 — 1) |

Now multiply both sides of (3.33) by n*~! and integrate over [0, 1]:

/0 BN ()C() di

< vt || it
1 a—1
Fmt¥o)i(en) [ s
(3.34) + [mU(v1)¢(v2) + m¥(v2)¢(v1)] /0 mdn

Using symmetry (via substitution  — 1 — ), we have

1 a—1 1 a—1
n n
———d :/ ———dn.
| wi =, v
Thus inequality (3.34) becomes

1
(3:39) | e dn < Maton,vo).
0
Now perform the transformation

_ v1(v1 + p(mug, v1))
v1 + (1 = n)p(mug,v1)’

Following the same computations as in Theorem 3.3, we obtain

~ vi(vr + d(mug, v1))
dn = d(mug, v1)k2 dk.

Substituting into (3.35), we get

/0 N ()C() dny
_ oot g(mug,v)) () B (R)C(K)
= / (e — oyt T

Recognizing the Riemann-Liouville fractional operator, we obtain

U (k)¢(k)
k2

dk.

(3.36)

v1(v1 + d(mug, v1))
(¢(mvg,vl))a
(3:37) < Mo (v, v3).

I(a)Jgs ( ) (v1 + p(muva, v1))

This completes the proof. O
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Example 3.3. Consider
[Uh v + ¢(7’I’LU2, Ul)] = [27 4]’

with
m=1, v =2, vy = 4, d(mug,v1) = mug — v = 2,
and let
W)=~ we .1
Define

U(e)=1 and  ((o) =1, o € [2,4].
First, we verify that ¥ and ¢ belong to the class of (m, h)-harmonic Godunova—Levin preinvex
functions. Indeed, for every n € [0, 1],

vi(v1 + ¢(mug,v1)) \
v (Ul + (1 _ 77)¢(m1)2,'l)1)> =1

and
U(v1) mW¥(vy) 1 R _
T I Ty R VI I v A
Hence,
v1(v1 + d(mug, v1)) U(v) mV(vy)
v ('Ul + (1 - ﬁ)¢(mvz,vl)> = h(1—mn) - h(n)
Similarly,

¢ < v1(v1 + ¢(mwg, v1)) > < S(u) n m((va)
v+ (L=n)¢(mva,v1) ) ~ h(1—n)  h(n)
Therefore, both ¥ and ( satisfy the required hypothesis.
Now, by Theorem 3.4, we need to verify that
v (v + ¢(mv2,v1))r(a) a (‘I’(k)C(k)
((b(mvg, vl))a
< My (v, v2).

For the present choice of ¥ and ¢, we have

) (v1 + ¢(mu2, v1))

U(E)(k) =1, —— =
Thus the left-hand side becomes
2.4 . (1
g [* w1 1
=5 ) (4—xk) 2 dk.

Next, since
we obtain

and
mU(v1)C(ve) + mU(v9)l(v1) =14+1=2.
Also, for h(n) = 1/n, we have
1 ) 1
o " kg




Fundamental Properties and a Unified Approach... 473
Therefore,

1 1
RHS = 2/ n* tn?dn + 2/ n*"n(1 —n)dn
0 0

1 1
=2/ n““dn+2/ n*(1—n)dn
0 0

2 1 1
a+2 a+1l a+2

- 2
a+1

Hence, the required inequality reduces to

2
a+1’

8 [ o1
272(4—1{) k<

For some representative values of o, we obtain the following numerical values:

o | LHS | RHS | Relation

1 | 1.000000 | 1.000000 | LHS = RHS
1.5 | 0.753550 | 0.800000 | LHS < RHS
0.613706 | 0.666667 | LHS < RHS
3 | 0.454823 | 0.500000 | LHS < RHS

[\

In particular, when oo = 1, we have

4 4
LHS:§/ Y S Y A
2 ), ¥ k|, 2 4

while
RHS= > —1
141
Thus,
1=1.

Also, when o = 2, we have

44 4
LHS:§/ 1 kdk:2/ R P
4 ), k2 s \k2 Kk

4
=2 {—i —lnk] =4-2In2~ 0.613706,
2

whereas
RHS = % ~ 0.666667.

Hence,
0.613706 < 0.666667.
Therefore, Theorem 3.4 is verified for this example.
Corollary 3.3. If

d(mug, v1) = mug — vy,
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then Theorem 3.4 reduces to the fractional form for m-harmonic convex functions:

(o) e (q’(k)qk)> (mv2)

(mvg —v1)®

< Wo0)o(on) + mP0en)clen)] [

@)
() + e [ e
Corollary 3.4. If
d(mug,v1) = Mg — vy, h(n) =n"%, s>-1,

then Theorem 3.4 reduces to the fractional s-harmonic convex case:

T D) J7s <\I}(k12§(k)> (mwy)

(mvy — vy

1
< [W(01)C(01) + m(0a)((02) /0 2y

muivg

(1) (02) + MU (u2)¢(01)] / e (1 - )edn

_ [W(w)¢(vr) + m? ¥ (va)¢(v2)]
a4+ 2s

+ [m¥(v1)((v2) +m¥(vg)((v1)]

MNa+s)'(s+1)
IMa+2s+1) -

Corollary 3.5. If
¢(mug,v1) =mvy —v1,  h(n) =7°(1—n)4,
then Theorem 3.4 reduces to the fractional (p, q)-harmonic convex case:

muivg - |\ (k)C(k)
T 2o %5 (F5) o

< [U(0)¢(0r) + 2T () (03) / 21— ) 2dy

+ [m¥(v1)¢(v2) +m¥(v2)¢ (1)) /0 NP1 — ) "9 Pdy

I'(a —2p)I'(1 — 2q)
I'ao—2p—2q+1)

() s) ) P PR R0

= [W(v1)¢(v1) +m* T (v)¢ (v2)]

provided that the Gamma expressions are well-defined.

Theorem 3.5. Let U,( : I5 C R — R be (m, h)-harmonic Godunova—Levin preinvex func-
tions, where m € [0, 1]. Assume that

W, ¢ € L[vg, vy + ¢(mug,v1)], a >0,

and write
$ = p(muz,v1),  A:=wvi(vr + ).
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Then the following fractional inequality holds:

1

(A)“ /" (1 . k) CeP(p) + U@

® 1

DFEX:

ONE. mcwziq(f@) +mm)<v2><<¢> N

< MQ(%UQH%U ). (\If(tt)zc(t)> (v1 + @),
where
1 a1 Lot
M (v1,09) = ‘I’(Ul)C(Ul)/O “](;’deerQ‘I’(UQ)C(W)/O “:](T)]zdn
+ [m¥(vy)¢(v2) +m‘1’(v2)C(U1)]/O mdn’
and

1 x
g}f(a:):r(a)/vl(x—t)o‘lf(t)dt, x> vy,
is the left-sided Riemann—Liouville fractional integral of order ov.

Proof. Since ¥ and ¢ are (m, h)-harmonic Godunova-Levin preinvex functions, for every
n € [0, 1] we have

v1(v1 + @) U(vy) mW(vg)
(3:39) v (i e) Shioa o
and
v1(v1 + @) C(v1) | ml(v2)
%) (ortioms) <wiong * o
For convenience, define
E(’I]) — vi(vy + (P) _ A

v+ (1-n® v+ (1-nd
Then inequalities (3.38) and (3.39) may be written in the compact form
v (Ul ) mW (Uz )

o PEM SR TR
and
341 C(2m) < s+

Now divide both sides of (3.40) and (3.41) by the corresponding positive right-hand
sides. Then

(3.42) V(=)

<1
\P(Ul) m\If(Ug) -7
h(l—n)+ h(n)

and

(3.43) (=) <1.

¢(v1) m¢(vg) ~
h(l—m)  h(n)
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Multiplying (3.42) and (3.43), we obtain

V(EM)UER) -

( LICIVE m‘I’(Uz)) ( o) mC(Uz)) -

h(L—n) ~ h(n) h(L—n) ~ h(n)

After multiplying both sides of (3.44) by the denominator, we get
= = ¥ (v1) m‘l’(w)) ( ¢(v1) mC(U2)>

3.45 (= = < + + .

ea9  wEaEn < (25 + M) (v +

Next, instead of using only (3.45), we combine (3.40) and (3.41) in the standard refined

(3.44)

form
- ¢(v1) m¢(v2) - U(vy) mU(vs)
(Em) (h(l =+ h ) TeEm) (h(l = T )
U(o) | mU()) [ Cwn) | ml(od)\ o
(346) <<h(1—77)+ h(n) )(h(l—N h(n) )”’(“(””“‘(n”'

Now expand the product on the right-hand side of (3.46). We have

= ¢(v1) m¢(vz) _ U(v1) mW(vy)
YED) <h(1 —n) " h(n) > FeEm) (h(l R0 )
P(oy)¢(vr) | mP(vr)¢(vz) + mU(va)G(vr) | m*¥(va)C(vs)
~ [ -n)? h(mh(1 —n) h(m)]?
(3.47) +W(EMm)C(EM))-
Multiply both sides of (3.47) by the fractional weight n*~! and integrate over n € [0, 1].
This gives

1 ,r]a—l - 1,'7a—1 -
o) [ e VE ) -t ml(on) [ w(E ) dn
1 a—1 1, «a—1
(o) [ s CE ) dnt m¥es) [ C(E ) dn

<woiw) [ gl

1
+ [m(v1)¢(v2) +m¥ (v2)¢(v1)] /0 h(h(1 =)

dn
(3.48) 4 / N (E ()¢ (E () dn.

We now transform each integral appearing on the left-hand side of (3.48). Consider
first

/0 " y(=(n)) dn.

Introduce the change of variable

1 A
3.49 e
( ) k (77) U1 + (1 — 77)(1)
Then
Lo U +(1 -
a A
Hence,
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and therefore
Ak —vy = (1 —n)®.

Dividing by ®, we obtain
Ak — U1 A 1
: 1—n= =2 (k= _
(3:50) K 2 3 ( o1+ <I>>
Similarly,
Ak — U1 A 1
=18 = (5 )
Thus,
A1
G50 "9 (”Ul )
Differentiating (3.49), or equivalently (3.51), gives
A
When n = 0, (3.49) gives
k v+ P - v B V1
When n =1, (3.49) gives
1 A 1
E—E—U1+(I) — k—v1+(1)-
Therefore,
1 a—1 a L a—1 1
U - A w1 v (x)
(3.52) / P(ZE(n))dn = () / ( — k) dk.
= o) L) e )

Next, consider

/0 (=) d.

Using again (3.51), we get

(3.53) /01 ’Z:Z;)l\p(a(n))dn - (g)a/ <U11 _k>“‘1 Mdk.

Similarly, by replacing ¥ with ¢, we obtain

(3.54) /01 hg’la_ln)C( (1)) dn = (g)a <U11k)°”h<g (ké(_i) 1 ))dk’

DPER::

6 [ 1 ’Zfz;)lq <n>>dn:(g)“ i (;_k)mdk

1
1@

[1]

(1]
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Substituting (3.52)—(3.55) into the left-hand side of (3.48), we get

1

AV (L) ) )
(q>>/ < ) (( )

P
o ﬁ \I; 1 l
Yy 9(3) ¢ maea) N
2) S\ (o)
1
656 < Maforvn) [ 0" UEE)CER) dn.
0
It remains to transform the last integral in (3.56). Using the standard substitution
_ (%1 (Ul + (I))
v + (1 — 77)(1)7
we obtain exactly as in the proof of Theorem 3.4 that
e _ A [ote a1 T(E)C(t
[ wrrvEmceman= g [ 6o K g
0
A U(t)((t
- - v (M)
b vy t
Finally, inserting (3.57) into (3.56), we conclude that
@ ror 7 1
(qA,) / (1_k> Co)¥(5) + P(o)e(s) o
1 v
e ) T )
+<A)a/m (1_k) mC(Wa)¥ (i) +m¥(va)C(i)
P/ S (3 (5 %)
A ¢(t
SM&(U1;U2)+@F( a) J < )> v; + ).
This completes the proof.
Example 3.4. Consider
[Uh v + ¢(m’U2, Ul)} = [2v 4]7
with
m =1, v =2, vg = 4, d(mug,v1) = mug — vy = 2,
and let
h(n) =1,  nel01].
Define

U(o)=0 and C(o) =1, o€ [2,4].

First, we verify that ¥ and ¢ satisfy the assumptions of Theorem 3.5. For every n € [0, 1], we

have
vi(vr + @(mug,v1)) 2(2+2) 8

v+ (1=n)d(mug,v1) 24+ (1—n)2 4-2n

Hence

vi(vi + p(mug,v1)) ) 8
Y (Ul + (- n)¢(mv2,v1)> S 4-2p
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Since h(n) = 1, it follows that
U(vy) n m%¥(vq)

- hey AT

Therefore,

v1(v1 + ¢(mu2, v1)) ) _ 8
\I’(Ul—l—(l—n)(b(mv%vl) 4—-2 =6,
forallp €0, 1].

Similarly,
g( Ul(’l}l +¢(mv2,v1)) > -1
v + (1 = n)p(muvg, vr) ’
e (o), me(vs)
1 2
hL—m ko) T
Thus,

( v1(v1 + ¢(mug, 1)) ) < _Cv) n m¢(vs)
vr+ (L =n)é(muz,v1) ) ~ h(L=n) = h(n)
Hence, both U and ( are admissible for Theorem 3.5.
Now set
b = ¢p(mug,v1) = 2, A=vi(vy+9P)=2-4=28.

Then
A 1 1 1 1

P ’ v + (0] 4’ U1 2
For the present choice of ¥ and ¢, the left-hand side of Theorem 3.5 becomes

A 1

LHS — (q)) / ' (3- k> [cw (L) + w)(t) | o
+ (g)a/; (; k) ) {m<(4)\p(§) +m\I'(4)((%)} d,

because h(n) = 1.

Since

1 1 1
(@=1 w@=2 (@=1 UE)=4 w(k)—k <<k)—1,
we obtain

LHS4O‘/% }fk o lJr2 dk+4a/é Efk o 1+4 dk
a 1 2 k 1 2 k ’

Now we evaluate the right-hand side. First,
1 1
M (v1,02) = \P(2)<(2)/ 7 tdn + m2\11(4)C(4)/ n*tdn
0 0

1
+ [P Q)C(A) + m¥(4)¢(2)] / ey

1 1 1
=2 — 4. =4 (244)=
[0 [0

(&%
12
==
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Next,

Therefore,

L) J5, (}:) (1)
o

1
=_— [ 4—t)* 1= dt.

Hence the inequality in Theorem 3.5 reduces to

12 8 [*

1
LHS < 2 4+ — 4— )12 gt.
_oz+2°‘ ( ) t

2

For some representative values of «, we obtain the following numerical verification:

o | LHS | RHS | Relation

1 | 11.545177 | 14.772589 | LHS < RHS
1.5 | 7.943208 9.971604 | LHS < RHS
2 6.090355 | 7.545177 | LHS < RHS
3 4.180710 | 5.090355 | LHS < RHS

In particular, for o = 1, the left-hand side becomes

/1 5 /1
LHS:4/ (+2)dk+4/ <+4>dk
1 k 1 k

1

=4[lnk + 2k|? + 4 [Ink + 4K]

4

=(4In2+2)+ (4ln2+4)
=8In2+46 ~ 11.545177.

Bl ol

Also,
4
RHS:12+§/ lalt
2 /)y t
=12+4+41In2
~ 14.772589.
Therefore,

11.545177 < 14.772589.
Similarly, for « = 2, we have
LHS ~ 6.090355, RHS ~ 7.545177,
and again
LHS < RHS.
Thus, Theorem 3.5 is verified for this example.
Corollary 3.6. If

d(mug,v1) = mug — vy,
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then Theorem 3.5 reduces to the following fractional inequality for m-harmonic convex functions:
() [ () ety
muz —vi/) S Au (e (k- 25))

+< muyvs >a o1 (1 _k)al m¢(va) W (L) + m¥(v )g(%

muvs — U1 T U1 h (ﬂzfﬁl ( ))
< Ma(vlva) + %F(a) J:;r <\Ij(tt)§(t)) (mU2)7
where
Ma('UhUQ) = \IJ(Ul)C(Ul)/O ﬁ d"? + m2\P(U2)C(U2)/O “:7(7;)]2 d’l7
+ [m¥(v1)¢(v2) +m¥ (vz)¢(v1)] /0 m .

4. CONCLUSIONS AND FUTURE REMARKS

In this article, we introduced a new (h, m)-harmonic Godunova-Levin preinvex class
and established new Hermite-Hadamard type inequalities via fractional operators. The
proposed framework unifies and extends several existing concepts, supported by non-
trivial examples and recoverable special cases. Future work may explore the use of other
fractional operators, as well as extensions to interval-valued and fuzzy-valued settings.
Additionally, the application of this framework within quantum calculus and related an-
alytical models offers promising research directions.
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